We study a Kondo impurity model with additional uniaxial anisotropy D in a non-zero magnetic field B using the Numerical Renormalization Group (NRG). The ratio ge/gS of electron and impurity g-factor is regarded as a free parameter and, in particular, the special cases of a "local" (ge = 0) and "bulk" (ge = gS) field are considered. For a bulk field, the relationship between the impurity magnetization M and the impurity contribution to the magnetization Mimp is investigated. Furthermore, we study how the value of ge affects the impurity magnetization curves. In case of an isotropic impurity with ge = gS, it is demonstrated that at zero temperature M(B), unlike Mimp(B), does not display universal behavior. With additional "easy axis" anisotropy, the impurity magnetization is well described by a shifted and rescaled Brillouin function on energy scales that are small compared to |D|. In case of "hard axis" anisotropy, the magnetization curves can feature steps which are due to field-induced pseudo-spin-1/2 Kondo effects. For large anisotropy and a local field, these screening effects are described by an anisotropic spin-1/2 Kondo model with an additional scattering term that is spin-dependent (in contrast to ordinary potential scattering). Our study is motivated by the question how the magnetic properties of a deposited magnetic molecule are modified by the interaction with a non-magnetic metallic surface.
I. INTRODUCTION
Magnetic molecules offer the prospect of encoding and storing information in their magnetic state. The latter point applies, in particular, to bistable molecules such as single molecule magnets (SMMs). The possibility to store, e.g., one bit of information in the state of a single molecule would constitute an enormous degree of miniaturization and could lead to data storage technologies with significantly increased areal density. 1 However, to make a (potentially elusive) technological application feasible, the molecules need to be individually addressable so that their magnetic state can be probed and manipulated on a molecule-by-molecule basis. In the last years, there has been an increasing interest in the question whether this functionality can be achieved by a controlled deposition of magnetic molecules on suitable substrates. [1] [2] [3] [4] While such an approach might solve the problem of addressability, it can introduce new complications due to interactions between the molecules and the surface. Depending on details such as the molecule's ligands, the presence of an additional decoupling layer, and, of course, the characteristics of the surface, the interaction with the substrate might alter the magnetic properties of the molecule in an important (and possibly adverse) way. Thus, even if the magnetic response of the isolated molecule is well understood (e.g., through a description by a suitable spin model 5 ), its magnetic properties in contact with the surface have to be reinvestigated.
In this article, we study a single-channel Kondo impurity model with non-zero magnetic field and additional uniaxial anisotropy D(S ∼ z ) 2 for the impurity spin operator S ∼ . Such an anisotropy term (along with trans-
) is a common part of a pure spin model for the description of isolated magnetic molecules (in particular, for representing SMMs). 5 The quantum impurity model is intended to serve as a minimal representation of an anisotropic magnetic molecule on a non-magnetic metallic substrate and, with transverse anisotropy E, has already been used to describe SMMs interacting with metallic electrodes. [6] [7] [8] Furthermore, it has been found that the above uniaxial and transverse anisotropy terms are also appropriate to model the surface-induced anisotropy of a single magnetic atom on a metallic substrate with a decoupling layer. [9] [10] [11] To investigate how the interaction with the electrons affects the magnetic properties of the impurity, we carry out Numerical Renormalization Group [12] [13] [14] (NRG) calculations and focus on the magnetic field dependence of the impurity magnetization.
Regarding the experimental situation, the magnetic moment of deposited molecules (or atoms) 11 can be measured using methods such as X-ray magnetic circular dichroism (XMCD). 3, [15] [16] [17] [18] [19] [20] [21] [22] [23] XMCD is an element-specific technique of high sensitivity based on the absorption of circularly polarized X-rays and can be used to obtain an ensemble-averaged result for the magnetic field dependent molecule magnetization. In principle, it is also possible to extract information about different contributions to the observed magnetic moment (such as the orbital and spin contribution) from the XMCD data using, e.g., sum rules. 3, 17, 18, 20, 23 In the last years, magnetization curves of magnetic atoms on non-magnetic metallic surfaces could also be recorded using spin-polarized scanning tunneling spectroscopy (SP-STS). 11, [24] [25] [26] [27] [28] In contrast to XMCD, this method provides a time-average of the fielddependent magnetic moment of a single atom. It has arXiv:1212.5007v1 [cond-mat.str-el] 20 Dec 2012 been demonstrated that SP-STS can also be applied to (suitable) deposited magnetic molecules.
29-31
The static magnetization of Kondo impurity models (including related models such as the single-impurity Anderson model) has been investigated by a number of techniques. Among these are Green's-function methods, 32, 33 the Bethe Ansatz, [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] and NRG [46] [47] [48] (including density matrix based extensions). By now, there are also several studies of the time dependence of the magnetization in non-equilibrium situations (e.g., after a quantum quench or with a non-zero voltage bias). [49] [50] [51] [52] [53] In particular, nonequilibrium spin dynamics of impurity models can be investigated by using a generalization of NRG called timedependent NRG (TD-NRG).
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The present article extends existing NRG results for the Kondo model with uniaxial anisotropy 56 to the case of non-zero magnetic field. The system with non-zero field (with a focus on the properties of spectral functions) has been previously studied in Refs. 57 and 58. Furthermore, magnetization curves for isotropic and anisotropic Kondo impurities have been calculated in Ref. 48 . We would like to stress, however, that our investigation places emphasis on different aspects of the problem and is thus complementary to Ref. 48 .
The remainder of this article is organized as follows. In Sec. II, the quantum impurity model is introduced and transformed to a representation that is suitable for further numerical treatment. Sec. III provides information about our use of the NRG method and contains definitions of the considered observables. In Sec. IV, we study the relationship between the impurity magnetization and the impurity contribution to the magnetization for an isotropic system (D = 0). After an investigation of the Kondo model with additional "easy axis" anisotropy (D < 0) in Sec. V, the case of "hard axis" anisotropy (D > 0) is considered in Sec. VI. There, we also clarify how a non-zero magnetic coupling of the conduction electrons affects the impurity magnetization. Furthermore, an effective model is derived in order to describe the field-induced pseudo-spin-1/2 Kondo effects that are observed in the magnetization curves for large D. We conclude this article with a summary of the results in Sec. VII and a brief description of the technical details of an NRG calculation with non-zero magnetic coupling of the conduction electrons in App. A.
II. MODEL A. Hamiltonian
In this work, we study a Hamilton operator H ∼ consisting of three parts:
The first term, H ∼ electrons , represents non-interacting tight-binding electrons whose hopping between different sites i and j of a periodic lattice with L sites is described by the corresponding hopping parameter t ij :
Here, d
iσ is a destruction (creation) operator for an electron with spin projection σ = ±1/2 = ↑ / ↓ at lattice site i. The effect of an external magnetic field B is taken into account by a Zeeman term with electron g-factor g e , Bohr magneton µ B , and the z-component of the total spin of the electrons S ∼ z = 1 2
Using a discrete Fourier transformation, c
jσ , Hamiltonian (2) can be equivalently written in the more common form
with a dispersion relation ε kσ (B), assigning an energy ε to a wavevector k, that now depends on spin projection and magnetic field. In general, the spin-independent dispersion relation ε k is anisotropic in k-space.
For the interaction term in Eq.
(1), we use a standard isotropic Kondo coupling,
and assume that the impurity spin S ∼ couples antiferromagnetically (J > 0) to the electronic spin at the origin, which is given by s ∼ 0 = (1/2L) k,k ,µ,ν c ∼ † kµ σ µν c ∼ k ν with the vector of Pauli matrices σ.
Finally, the impurity part of Hamiltonian (1) represents a localized spin with quantum number S which couples to the external magnetic field with g-factor g S and possesses an additional uniaxial anisotropy D:
With the chosen convention, the impurity spin has an "easy axis" for D < 0 and a "hard axis" or an "easy plane" for D > 0. A further transverse anisotropy E[(S ∼ x ) 2 − (S ∼ y ) 2 ] is not considered in this article. H ∼ impurity can be seen as a minimal representation of a magnetic molecule with a single magnetic center or as a "giant spin approximation" for an SMM.
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Hamiltonian (1) corresponds to an anisotropic singlechannel Kondo impurity model in an external magnetic field. The special choices g e = 0 and g e = g S for the electron g-factor are referred to as a "local" and "bulk" magnetic field, respectively. Regarding the modeling of a deposited magnetic molecule, it has to be emphasized that the Hamiltonian suffers from a number of simplifications. For example, there is no orbital contribution to the magnetism, and no charge fluctuations between molecule and surface are possible. In this article, we only consider the effect of the Kondo coupling on the magnetic properties of the impurity spin.
B. Transformation to an energy representation
In order to treat Hamiltonian (1) using NRG, H ∼ electrons and H ∼ coupling are expressed via a continuous energy representation for the electronic degrees of freedom. To this end, we first take a standard continuum limit in k-space (i.e., we consider a lattice of dimension d with L 1). 13 By adapting the corresponding expression for the two-impurity Kondo model from Ref. 60 to the single-impurity case (see also Ref. 61 ), we then define those states with energy ε to which the localized spin directly couples:
where we have introduced the abbreviation h = g e µ B B and the normalized density of states (DOS) per spin projection and lattice site ρ(ε) = (1/L) k δ(ε − ε k ). Denoting the half-width of the conduction band by W , the allowed energies ε for spin projection µ span the interval [−W + µh, W + µh]. The new operator a ∼ εµ is properly normalized because of the pre-factor involving the DOS.
If we are only interested in impurity properties, then all other electronic states different from those defined in Eq. (6) can be safely dropped without introducing any approximation. 13 This leads to the desired continuous energy representation of Hamiltonian (1): 
For h = 0, i.e., for B = 0 or g e = 0, Eq. (7) reduces to the well-known expression for the energy representation of the Kondo model. 62 In the following, we consider the case of a constant DOS: ρ(ε) = 1/2W = ρ.
III. METHOD AND OBSERVABLES

A. Method: NRG
Approximate eigenvalues and eigenvectors of Hamiltonian (7) for the calculation of impurity properties can be obtained using the Numerical Renormalization Group 12-14 (NRG). However, the procedure leading to the parameters of the Wilson chain has to be slightly modified if h = 0 (see App. A for a brief discussion of the required changes).
A non-zero magnetic field breaks the full SU(2)-symmetry in spin space of Hamiltonian (1) . For this reason, we label eigenstates of H ∼ only with the charge quantum number Q and the magnetic quantum number S z total of the z-component of the total spin. Except for one example in Sec. VI, all NRG calculations are carried out using the discretization scheme proposed byŽitko and Pruschke 63, 64 with averaging over 4 z-values that are equidistantly spaced on the interval (0, 1]. Observables are computed using only states that are kept after truncation and results are averaged over even and odd sites of the Wilson chain according to the prescription of Ref. 14. We use a discretization parameter Λ = 3, a dimensionless inverse temperatureβ = 0.7, and a fixed number of kept states of the order of N = 5000 to achieve convergence for all considered observables within the resolution of the presented plots. Nevertheless, at Λ > 1 there might still be slight systematic deviations for non-zero temperature, which can for example be demonstrated by setting J = 0 and comparing the NRG results with the analytical solution for a free spin. It is necessary to perform a separate NRG calculation for each value of the magnetic field. If curves are shown in a plot, they are thus the result of a spline interpolation through the numerically obtained data points.
B. Observables
In our calculations we focus on the impurity magnetization which is defined as the expectation value of the impurity magnetization operator with respect to the eigenstates of the total Hamiltonian (1):
(8) Furthermore, we consider the impurity contribution to the entropy, magnetization, and magnetic susceptibility. The impurity contribution to some quantity O is defined in the usual way: 
The observable O w/o impurity total for the system without impurity is also calculated using NRG by removing the impurity part from the Wilson chain. For the entropy S(T, B), the magnetization M (T, B), and the susceptibility χ(T, B), we use the standard definitions S(T, B) = −∂Ω(T, B)/∂T , M (T, B) = −∂Ω(T, B)/∂B, and χ(T, B) = ∂M (T, B)/∂B, with Ω(T, B) being the grand-canonical potential. If the electron g-factor is zero, we have the special case M(T, B) = M imp (T, B).
In the grand-canonical calculations the chemical potential is assumed to be zero. For a symmetric DOS, ρ(ε) = ρ(−ε), the free electron band is thus on average half-filled for arbitrary magnetic field and temperature.
IV. ISOTROPIC IMPURITIES
Let us first consider the case of an isotropic impurity with D = 0 in Hamiltonian (5) and study the impurity contribution to the magnetization M imp and the impurity magnetization M, both as function of temperature and magnetic field. For the moment, we are only concerned with the special case of equal g-factors of impurity and electrons (corresponding to the case of a bulk magnetic field). Recalling the motivation given in the introduction, M as the expectation value of the impurity magnetization operator should be the observable that is more closely related to experimental magnetization data obtained by methods such as XMCD. Note that M and M imp become equivalent if impurity and electrons decouple (which happens for J → 0 or T → ∞).
A. Field dependence of the magnetization
In case of the isotropic Kondo model with g e = g S and arbitrary impurity spin S, the Bethe Ansatz (BA) allows for the derivation of a closed expression for the impurity contribution to the magnetization at zero temperature. [34] [35] [36] [37] 39, 40 M imp is known to display universal behavior in the so-called scaling regime, in which all relevant energy scales are small compared to the energy cutoff (or the finite bandwidth). 40 Bare parameters of the model can then be absorbed into an energy scale k B T H so that the field-dependence of M imp at T = 0 is described by a universal function f (x), with x being the rescaled magnetic field:
40 T H is related to the Kondo temperature T K by a constant factor:
In Fig. 1 we plot the Bethe Ansatz solution for M imp from Ref. 39 for three different impurity spins S = 1/2, 1, and 3/2.
65 f (x) is a strictly monotonically increasing function of x and approaches the saturation magnetization of a free spin, g S µ B S, for x → ∞ with slowly decaying logarithmic corrections. 39, 40, 66 The behavior in 3
In many studies of thermodynamic properties of quantum impurity models the behavior of impurity contributions such as M imp is investigated. 5 However, recalling the motivation given in the introduction, M as the expectation value of the impurity magnetization operator should be the observable that is more appropriate for a comparison with actual magnetization data for impurity systems obtained by methods such as XMCD. We note that M and M imp become formally equivalent if either impurity and electrons decouple (which happens for J → 0 or T → ∞) or if the magnetic field is local, i.e. g e ≡ 0.
A. Field dependence of the magnetization M imp is one of the quantities that were originally calculated as part of the Bethe Ansatz (BA) solution of the isotropic Kondo model. 9, 10 At zero temperature and for g S = g e the Bethe Ansatz allows for the derivation of a closed expression for the impurity contribution to the magnetization for arbitrary impurity spin S.
11-14 Like various other properties of the isotropic Kondo model, M imp is known to display universal behavior in the socalled scaling regime, in which all relevant energy scales (e.g. thermal energy and Zeeman energy) are small compared to the chosen energy cutoff or the (finite) bandwidth. 10 Bare parameters of the model such as ρ and J can then be absorbed into an energy scale k B T H so that the universal behavior of M imp at T = 0 is described by a function of a single variable, f (x), with x being the rescaled magnetic field: x ≡ g S µ B B/k B T H .
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T H is related to the Kondo temperature T K by a constant factor: T H = 2π/e T K .
9
In Fig. 1 we plot the Bethe Ansatz solution for M imp from Ref. 9 for three different impurity spins S = 1/2, 1, and 3/2. 15 The function f (x) is a strictly monotonically increasing function of x and approaches the saturation magnetization of a free spin, g S µ B S, for x → ∞ with slowly decaying logarithmic corrections. 9, 10, 16 The behavior in the limit of small fields, i.e. x → 0, depends on the value of S: in case of S = 1/2, f (x) ∝ x for small x, whereas for S ≥ 1 f (x) goes to the saturation magnetization of a reduced spin with S − 1/2, again with logarithmic corrections. 9, 10, 16 This low-field behavior mirrors the Kondo screening effect which, for vanishing magnetic field, reduces the impurity spin S to a residual spin S − 1/2 below the Kondo temperature T K .
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The field-dependence of M imp is furthermore markedly different from that of a free spin as the magnetization of a free spin at T = 0 saturates for any finite magnetic field.
Using NRG, we have calculated M imp for several values of the coupling strength ρJ and have fitted the obtained curves to the respective BA curve by employing T H as a fit parameter (see Fig. 1 ). The nice agreement with the Bethe Ansatz solution demonstrates the universal behavior that M imp displays for small ρJ. Note that for very 
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FIG. 1. (Color online)
Main plots: Impurity contribution to the magnetization, Mimp, and impurity magnetization, M, as function of magnetic field for impurity spin a) S = 1/2, b) S = 1, and c) S = 3/2, ge = gS, and three different couplings ρJ. Thermal energy is kBT ≈ 1.54 · 10 −15 W ≈ 0 and the field is rescaled using the energy scale kBTH . For the shown Mcurves the coupling ρJ always increases from bottom to top. The universal Bethe Ansatz (BA) solution at T = 0 has only been calculated for gSµBB ≥ kBTH and gSµBB kBTH in plots b) and c). Upper left insets show NRG results for Mimp at T ≈ 0 (black lines) and finite temperature (solid gray lines) as a function of magnetic field, now expressed in units of W . Mimp for J = 0 is also computed using NRG and resembles the magnetization of the free spin. Thermal energies increase from left to right and range from 1.79·10 −6 W (plot a)) or 1.95 · 10 −12 W (plots b) and c)) to 6.79 · 10 −3 W . Lower right insets show a close-up of data from the main plot for b) low fields and c) high fields together with data points for Mimp that are multiplied by a constant 1.
Main plots: Impurity contribution to the magnetization Mimp and impurity magnetization M as function of magnetic field for ge = gS, three different couplings ρJ, and for impurity spin a) S = 1/2, b) S = 1, and c) S = 3/2. The temperature is kBT /W ≈ 1.54 · 10 −15 ≈ 0 and the field is rescaled using kBTH . For the shown M-curves the coupling ρJ always increases from bottom to top. The universal BA solution at T = 0 has only been calculated for gSµBB ≥ kBTH and gSµBB kBTH in plots b) and c). Upper left insets show NRG results for Mimp at T ≈ 0 (black lines) and finite temperature (solid gray lines) as a function of magnetic field, now expressed in units of W . Mimp for J = 0 is also computed using NRG and resembles the magnetization of the free spin. Thermal energies increase from left to right and range from 1.79 · 10 −6 W (plot a)) or 1.95 · 10 −12 W (plots b) and c)) to 6.79·10 −3 W . Lower right insets show a closeup of the magnetization curves for b) low fields and c) high fields along with data points for Mimp that are multiplied by a constant 1.
the limit x → 0 depends on the value of S: In case of S = 1/2, f (x) ∝ x for small x, whereas for S ≥ 1 the function f (x) goes to the saturation magnetization of a reduced spin with S − 1/2, again with logarithmic corrections. 39, 40, 66 This low-field behavior mirrors the Kondo screening which, for vanishing magnetic field, reduces the impurity spin S to a residual spin S − 1/2 in the limit T /T K 1. 67, 68 The magnetic properties of the impurity are furthermore markedly different from that of a free spin as the magnetization of a free spin at T = 0 saturates for any non-zero magnetic field.
Using NRG, we have calculated M imp for several values of the coupling strength ρJ and have fitted the obtained curves to the respective universal BA curve by employing T H as a fit parameter (see Fig. 1 ). The nice agreement with the Bethe Ansatz solution demonstrates the universal behavior that M imp displays for small ρJ and allows us to reliably determine the value of T H even for impurity spin S ≥ 1. Note that for very large magnetic fields, i.e., for g S µ B B W , we leave the scaling regime and M imp , as calculated by NRG, starts to drop below the universal BA curve (this is not shown in Fig. 1 ). The determined approximate values of k B T H /W are found in Table I . In the cutoff scheme used in the BA solution of the Kondo model with arbitrary impurity spin, the dynamically generated low-energy scale T 0 , whose ratio to T H is a universal number, depends on the value of S (before taking the scaling limit). 35, 37, 38, 40 Here, we find that the fitted values of T H increase with the impurity spin for fixed coupling strength and, furthermore, that the relative deviation between the results for different S decreases when ρJ is reduced. However, even for the smallest considered coupling strength (ρJ = 0.05), the values of T H for S = 1/2 and S = 3/2 still deviate by about 44 %. According to Eq. (10), the values of T H for S = 1/2 reported in Table I 
which is valid for small coupling and gives k B T K /W ≈ 4.61 · 10 −10 (ρJ = 0.05), 1.65 · 10 −7 (0.07), and 4.48 · 10 −6 (0.09). As a further check, we have determined the Kondo temperature for S = 1/2 and ρJ = 0.07 by fitting the BA solution for the impurity contribution to the susceptibility from Ref. 39 and the impurity contribution to the entropy from Ref. 69 . This gives a value of k B T K /W ≈ 1.79 · 10 −7 , which is quite similar to the one following from Table I .
The upper left insets of Fig. 1 show finite temperature NRG results for M imp with a coupling strength ρJ = 0.07. While the Bethe Ansatz provides a closed expression for M imp at zero temperature, a calculation for finite temperature leads to so-called thermodynamic BA equations that, at least in general, have to be solved numerically. 38, 70 Hence, finite temperature results for the magnetization are not easily available. As a reference point, we replot the zero temperature magnetization curve that crosses over to the strong coupling regime in the vicinity of g S µ B B ≈ k B T H . As long as the thermal energy is small compared to the Zeeman energy, the magnetization always closely follows the zero temperature curve. On the other hand, if the thermal energy is not negligibly small compared to the Zeeman energy, we have to distinguish between complete screening and underscreening of the impurity spin. For S ≥ 1, finite temperature is always important as it also affects the residual spin. On the energy scale g S µ B B ≈ k B T there is a swift drop of M imp that is eventually followed by a linear decay for small fields g S µ B B k B T . In the special case S = 1/2, however, finite temperature has little effect if T T K and the magnetization already displays a linear dependence on the magnetic field for g S µ B B ≈ k B T due to the Kondo screening. In the upper left insets of Fig.  1 we also compare the results for M imp with NRG calculations for vanishing coupling J = 0. This comparison is meant to illustrate the influence of a non-zero value of J.
71 At high temperatures (compared to the Kondo temperature) the impurity is progressively decoupled from the electronic system and its magnetization will hence resemble the result for J = 0 more closely. However, note that the impurity only becomes asymptotically free for high temperatures.
In addition to the impurity contribution to the magnetization M imp , we also plot the impurity magnetization M in Fig. 1 for the same values of the coupling ρJ and negligible temperature. The magnetic field is again rescaled by k B T H using the values from Table I . We find that M and M imp differ for all considered magnetic fields with M being larger than M imp . This means, in particular, that for large magnetic fields M comes closer to the saturation magnetization of a free spin than M imp does and, furthermore, that the magnetization of the conduction electrons is reduced due to the interaction with the impurity spin. Upon decreasing ρJ we observe that the impurity magnetization becomes smaller and thus approaches the universal curve for M imp . A comparison of the NRG results for M and M imp shows that both quantities are proportional to each other, i.e., M = αM imp with a proportionality factor α > 1 that depends on the coupling strength ρJ (see Table I for a list of the computed values of α). This proportionality is illustrated for the case of small magnetic fields (for S = 1) and large magnetic fields (for S = 3/2) in the lower right insets of Fig. 1 . While the obtained values for α decrease with increasing impurity spin S, the values for different S differ by less than 0.2 % according to Table I . Since impurity and electrons progressively decouple at high temperatures, we expect α to be temperature dependent with α → 1 for k B T /W 1. The results presented in Fig. 1 show that the magnetic field cannot be rescaled by k B T H or any scale proportional to it so as to produce a universal curve for the impurity magnetization M.
To elucidate our findings we refer to one of the orig- 1.0487 (2) inal Bethe Ansatz investigations of the Kondo model.
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There it is found that, under the assumptions of a BA calculation (including an arbitrarily large energy cutoff
To study the influence of the cutoff scheme, a comparison with perturbation theory is carried out showing that M has leading corrections of the order 1/ ln(D), whereas the corrections of M imp vanish like 1/D and thus much faster. 42 The regime in which all relevant energy scales are negligible compared to the cutoff in a logarithmic sense, e.g. ln(D/g S µ B B)
1, is termed "extreme scaling limit".
With this background we reach the following interpretation of our NRG results for M and M imp : For the chosen values of the coupling strength ρJ the halfbandwidth W (basically serving as the unit of energy) can be regarded as very large compared to all relevant energy scales E so that corrections of order E/W can be expected to be small. It is for this reason that we find nice agreement with the universal BA solution for M imp . On the other hand, corrections of order 1/ ln(W/E) are not necessarily negligible for a finite value of W . This appears to be an adequate explanation for our NRG results showing that M = M imp . Moreover, a decrease of ρJ corresponds to an increase of the bandwidth and thus bandwidth-related corrections should become smaller. Accordingly, M decreases for smaller coupling strength and approaches M imp . These observations might also bear some importance for experimental situations: While experimental parameters are certainly suitable to consider the scaling regime (in case the system exhibits universal behavior), it is less clear whether an experimental system can be placed in the extreme scaling regime. To further illustrate the difference between the impurity contribution to the magnetization and the impurity magnetization, we examine how both quantities depend on the coupling strength ρJ for non-zero magnetic field at zero temperature. As before, the case of equal g-factors for impurity and electrons is considered. NRG results for impurity spin S = 1 and S = 3/2 are shown in Fig. 2 and Fig. 3 , respectively. Fig. 1 , and average proportionality factors α relating impurity magnetization, M, and impurity contribution to the magnetization, Mimp, so that M = αMimp. The error estimate given for α corresponds to the rounded standard deviation. 1.0487 (1) placed in the extreme scaling regime. Was ist mit den Artikeln von Costi? To conclude our investigation of the magnetic field dependence of the impurity magnetization M, we have studied the influence of the g-factor ratio g e /g S on M for a coupling strength ρJ = 0.075, with g e /g S ranging from 0 to the arbitrarily chosen value 1.25. A ratio g e /g S = 0 corresponds to a local magnetic field that only affects the impurity. However, for the systems mentioned in the introduction this can only be an approximation since g e ≈ 2 and the impurity g-factor g S typically also takes values near 2. Quelle?
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It turns out that M depends on the g-factor ratio in a systematic way, but only slightly. In the plots of Fig.  1 the influence of g e /g S on M would be hardly visible. With respect to the impurity magnetization, the approximation g e ≡ 0, which is typically used in NRG calculations, thus appears to be unproblematic for an isotropic system. The dependence of M on g e should furthermore completely vanish for T → ∞ because of the decoupling between impurity and electrons in this limit. In contrast to M, the impurity contribution to the magnetization, M imp , has to depend on the ratio g e /g S more strongly since M = M imp for g e = g S , but M = M imp for g e ≡ 0. To further illustrate the difference between the impurity contribution to the magnetization, M imp (T, B), and the impurity magnetization, M(T, B), we examine how these quantities depend on the coupling strength ρJ for non-zero magnetic field, B > 0, and zero temperature, T → 0. As before, the case of equal g-factors for impurity and electrons, i.e. g e = g S , is considered. NRG results for impurity spin S = 1 and S = 3/2 are shown in Fig. 2 and 3 , respectively.
Let us begin the interpretation of the plots by considering the limiting cases ρJ → 0 and ρJ → ∞. For vanishing coupling strength, J → 0, impurity and electrons are decoupled and thus both M imp and M correspond to the magnetization of a free spin which saturates at T = 0 for any finite value of the magnetic field. However, the behavior in the limit J → ∞ differs for the two quantities, demonstrating that in general M imp = M. The limiting value of M imp and M in this case can be understood by a) considering a simplified model: In the interaction term, Eq. (4), of Hamiltonian (1) the spin density operator s ∼ 0 depends on the occupation of the lattice site that it is associated with. For very large values of J it is energetically favorable if this lattice site is singly occupied with a probability near one. We can then replace s ∼ 0 by a spin-1/2 operator s ∼ in the interaction term, Eq. (4). Furthermore, we can neglect all other terms in Hamiltonian (1) that involve degrees of freedom different from the impurity and the lattice site to which it couples. We are then left with a strongly coupled antiferromagnetic dimer in a magnetic field with Hamiltonian Let us begin the interpretation of the plots by considering the limiting cases ρJ → 0 and ρJ → ∞. For vanishing coupling strength J → 0, impurity and electrons are decoupled and thus both M imp and M correspond to the magnetization of a free spin which saturates for any nonzero value of the magnetic field at T = 0. However, the behavior in the limit J → ∞ differs for the two quantities, demonstrating that in general M imp = M. The values of M imp and M in this limit can be understood by considering a simplified model: In the interaction term Eq. 
To determine the limiting value of M/g S µ B for ρJ → ∞ at any positive magnetic field, we thus have to calculate the expectation value of −S ∼ z with respect to that eigenstate of total spin which has the lowest value of both S total and z-projection M total . Denoting eigenstates of the effective Hamiltonian (10) as |S total , M total , we find
In contrast, in the limit ρJ → ∞ the impurity contribution to the magnetization, M imp /g S µ B , reduces to − S ∼ z + s ∼ z with respect to the above eigenstates of Hamiltonian (10) . This expectation value gives S − 1/2. The case with S = 1/2 is therefore special since both M imp and M go to zero for ρJ → ∞. Figs. 2 and 3 show that NRG, as a method that is non-perturbative in J, can in fact reproduce the limiting values for strong coupling.
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Let us now consider the magnetization for intermediate values of ρJ. In the special case S = 1/2 both M imp and M are monotonically decreasing functions of the coupling strength that show similar behavior. We find that a larger value of the magnetic field B also leads to a larger value of the magnetization. In fact, all magnetization curves that we have calculated increase monotonically with B. On the other hand, M imp and M display qualitatively different behavior for larger impurity spin, S ≥ 1. While M imp is again a monotonically decreasing function of the coupling strength, M develops a minimum for all considered magnetic fields. As discussed in the previous subsection, the impurity magnetization is larger than the impurity contribution to the magnetization, M > M imp .
It is instructive to compare the NRG results with the Bethe Ansatz predictions for the universal behavior of M imp . For a coupling strength that is not too large (see below), the "bare" parameters of the Kondo model W , ρ, and J can be absorbed into the Kondo temperature T K so that after rescaling of the (small) magnetic field M imp follows the universal zero temperature curve.
10 According to the standard estimate for T K ,
which is valid for small coupling, k B T K /W is a monotonically increasing function of ρJ. Furthermore, a larger magnetic field always results in a larger magnetization for the systems under consideration. For this reason, an increase of the coupling ρJ leads to a larger Kondo temperature T K and thus, after rescaling, to a lower effective field and hence a lower value of M imp . The impurity contribution to the magnetization should therefore be a monotonically decreasing function of the coupling strength in the scaling regime. This observation is consistent with our NRG results for M imp as reported in Figs. 2 and 3. The vertical lines in the plots mark a value of the coupling, ρJ , for which we have checked by comparing with the BA solution that M imp still displays universal behavior. It can thus be seen as a lower bound for the couplings that can be assigned to the scaling regime. In contrast, the impurity magnetization M has a minimum and then increases again as a function of ρJ for coupling strengths that are smaller than ρJ . We conclude that this behavior of M is not compatible with the standard scaling picture as described above. Kann man hier einen sinnvollen Zusammenhang mit dem Lowenstein-Artikel herstellen?
V. IMPURITIES WITH "EASY AXIS" ANISOTROPY
Having discussed isotropic impurities in the previous section, we now deal with the case of an impurity with additional "easy axis" anisotropy (i.e. with anisotropy parameter D < 0 in Eq. (5)) that is exposed to a magnetic field. In this chapter, emphasis is placed on the the lattice site that it is associated with. For very large values of J it is energetically favorable that this lattice site is singly occupied with a probability near one. We can then replace s ∼ 0 by a spin-1/2 operator s ∼ in Eq. (4). Furthermore, all other terms in Hamiltonian (1) that involve degrees of freedom different from the impurity and the lattice site to which it couples can be neglected. We are then left with a strongly coupled antiferromagnetic dimer in a magnetic field with Hamiltonian
To determine the limiting value of M/g S µ B for ρJ → ∞ at any positive magnetic field, we thus have to calculate the expectation value of −S ∼ z with respect to that eigenstate of total spin which has the lowest value of S total and corresponding z-projection M total = −S total . Denoting eigenstates of the effective Hamiltonian (12) as |S total , M total , we find:
In contrast, in the limit ρJ → ∞ the impurity contribution to the magnetization M imp /g S µ B reduces to − S ∼ z + s ∼ z with respect to the above eigenstates of Hamiltonian (12) . This expectation value gives S − 1/2. The case S = 1/2 is therefore special since both M imp and M go to zero for ρJ → ∞. Figs. 2 and 3 show that NRG, as a method that is non-perturbative in J, can in fact reproduce the limiting values for large coupling strength.
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Let us now consider the magnetization for intermediate values of ρJ. In the special case S = 1/2 both M imp and M are monotonically decreasing functions of the coupling strength that show similar behavior. We furthermore find that a larger value of the magnetic field B also leads to a larger value of the magnetization. In fact, all magnetization curves that we have calculated increase monotonically with B. On the other hand, M imp and M display qualitatively different behavior for impurity spin S ≥ 1. While M imp is again a monotonically decreasing function of the coupling strength, M develops a minimum for all considered magnetic fields.
It is instructive to compare the NRG results with the Bethe Ansatz solution for M imp . According to the standard estimate for the Kondo temperature from Eq. (11), k B T K /W is a monotonically increasing function of the coupling strength ρJ. Furthermore, a larger magnetic field always results in a larger magnetization for the system under consideration. For this reason, an increase of the coupling ρJ leads to a larger Kondo temperature T K and thus, after rescaling, to a lower effective field and hence a smaller value of M imp . The impurity contribution to the magnetization should therefore be a monotonically decreasing function of the coupling strength in the scaling regime. This observation is consistent with our NRG results for M imp as reported in Figs. 2 and 3. The vertical lines in the plots mark a coupling strength ρJ for which we have checked by comparing with the BA solution that M imp still displays universal behavior. It can thus be seen as a lower bound for the couplings that can be assigned to the scaling regime. In contrast, the impurity magnetization M has a minimum for coupling strengths that are smaller than ρJ . We conclude that this behavior of M is not compatible with the standard scaling picture as described above.
V. IMPURITIES WITH EASY AXIS ANISOTROPY
We now deal with the case of an impurity with additional easy axis anisotropy (i.e., with anisotropy parameter D < 0 in Eq. (5)). In this section, emphasis is placed on the field dependence of the impurity magnetization M, again for the case of equal g-factors. Before considering the full impurity model given by Eq. (1), let us briefly recapitulate the magnetic properties of a free anisotropic spin with Hamiltonian (5).
For negative anisotropy parameter D and vanishing magnetic field, the groundstate of a spin S ≥ 1 is a doublet composed of the states with magnetic quantum number M = ±S. In the special case S = 1/2, the anisotropy term D(S ∼ z ) 2 evaluates to a constant and is thus insignificant for the thermodynamics. The first excited state is a singlet with M = 0 for S = 1 and a doublet with M = ±(S − 1) for all larger spins. It follows that the energy gap between groundstate and first excited state is given by |D|(2S − 1). For thermal energies that are small compared to this gap, the zero-field magnetic susceptibility approximately obeys a Curie law with Curie constant (S ∼ z ) 2 = S 2 (instead of S(S +1)/3 for an isotropic spin). What do we expect for the full impurity model if there is an additional easy axis anisotropy? Since the groundstate doublet of the free anisotropic spin has ∆M = 2S > 1, the two states it is comprised of are not connected by a single spin-flip, which changes M by 1. Furthermore, for increasing values of |D| the gap in the energy spectrum of the free anisotropic spin progressively suppresses scattering processes connecting groundstate and first excited state. With the scattering picture in mind, one would thus assume that the Kondo effect is weakened by a negative value of D. This is in line with the simplified picture for the limit |D| → ∞: The anisotropy term D(S ∼ z ) 2 then effectively acts as a projection operator onto the groundstate doublet of the impurity with M = ±S and hence asymptotically reduces the full Kondo interaction of Eq. (4) to an Ising-type coupling. 56 With respect to the impurity magnetization M, there appears to be an even simpler argument: A larger negative value of the anisotropy parameter D energetically lifts all excited states of the impurity, which have reduced magnetic moment in comparison to the groundstate doublet. At large |D| one would thus expect that the excited states have less weight in the many-body groundstate of the full impurity model leading to an increased value of M at zero temperature for positive magnetic field.
A. Field dependence of the impurity magnetization
In Fig. 4 low-temperature NRG results for the impurity magnetization M(B) for impurity spin S = 1, 3/2, 2 are presented. We start the discussion of the results at high magnetic fields and move from there to lower fields. If the Zeeman energy is much larger than the anisotropy parameter, i.e., if g S µ B B |D|, nearly isotropic behavior of M is observed. At smaller fields g S µ B B ≈ |D|, the impurity magnetization for D < 0 begins to deviate from the isotropic curve and, for g S µ B B |D|, converges to a D-dependent value larger than g S µ B (S − 1/2). In the limit of low fields, the impurity magnetization curves for D < 0 shown in Fig. 4 are well described by a linear law:
M (0) (D) thus corresponds to the impurity magnetization in the groundstate of Hamiltonian (1) for infinitesimal 7 field dependence of the impurity magnetization M. Before considering the full impurity model with non-zero coupling J as described by Eq. (1), let us briefly recapitulate the magnetic properties of a free anisotropic spin with Hamiltonian (5).
For negative anisotropy parameter D and vanishing magnetic field B, the groundstate of a spin S ≥ 1 is a doublet composed of two states with magnetic quantum number M = ±S. In the special case S = 1/2 the anisotropy term D(S ∼ z ) 2 in Eq. (5) evaluates to a constant and is thus insignificant for the thermodynamics. The first excited state is a singlet with M = 0 for S = 1 and a doublet with M = ±(S − 1) for all larger spins. It follows that the energy gap between groundstate and first excited state is given by |D|(2S −1). For thermal energies that are small compared to this gap, the zero-field magnetic susceptibility approximately obeys a Curie law with Curie constant (
for an isotropic spin). What do we expect for non-zero and negative coupling J if there is an additional "easy axis" anisotropy? Since the groundstate doublet of the free anisotropic spin has ∆M = 2S > 1, the two states it is comprised of are not connected by a single spin-flip, which would change M by 1. Furthermore, for increasing values of |D| the gap in the energy spectrum of the free anisotropic spin progressively suppresses scattering processes connecting groundstate and first excited state. With the scattering picture in mind, one would thus assume that the Kondo screening effect is weakened by a negative value of D. This is in line with the simplified picture for the limit |D| → ∞: The anisotropy term D(S ∼ z ) 2 in Hamiltonian (1) then effectively acts as a projection operator onto the groundstate doublet of the impurity with M = ±S and hence asymptotically reduces the full Kondo interaction of Eq. (4) to an Ising-type coupling. 25 With respect to the impurity magnetization M, there appears to be an even simpler argument: a negative value of the anisotropy parameter D energetically lifts all excited states of the impurity, which have reduced magnetic moment in comparison to the groundstate doublet. At large |D| one would thus expect that the excited states have less weight in the many-body groundstate of the impurity model of Eq. (1) leading to an increased value of M at zero temperature and non-zero magnetic field.
The temperature dependence of a Kondo impurity with additional "easy axis" anisotropy at zero magnetic field has been previously studied in Ref. 25 . There it was found that the impurity contribution to the entropy S imp displays isotropic behavior for k B T |D|. Upon lowering the thermal energy below k B T ≈ |D|, S imp crosses over to its zero-temperature limiting value of k B ln 2, which is indicative of an effective two-level system. 25 The impurity contribution to the magnetic susceptibility χ imp follows a Curie law at low thermal energy k B T |D|, with a Curie constant interpolating between the free isotropic value of S(S + 1)/3 for |D| → 0 and the free anisotropic low temperature value of S 2 for |D| → ∞. This behavior of χ imp indicates the presence of impurity states with non-zero magnetic moment in the groundstate of Hamiltonian (1) for D < 0 and B = 0.
We now turn to the case of non-zero magnetic field. In Fig. 4 low-temperature NRG results for the impurity magnetization M(B) are presented. The calculations were done for equal g-factors g e = g S , a number of anisotropy parameters D < 0, and three impurity spins S = 1, S = 3/2, and S = 2. As a reference point we also show the magnetization curve for an isotropic impurity with D = 0 in each subplot. The vertical lines in Fig.  4 mark the values of k B T H /W that were determined for each impurity spin S at D = 0 by fitting the universal magnetic field. The low-field behavior for D < 0 as described by Eq. (16) is different from that displayed by an isotropic impurity: For D = 0 and S ≥ 1, the impurity contribution to the magnetization M imp , which is proportional to M in the isotropic case as demonstrated in Sec. IV A, approaches the limit of zero magnetic field with slowly decaying logarithmic corrections.
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From the results presented in Fig. 4 we conclude that for non-zero magnetic field and D < 0 a larger value of |D| leads to a larger impurity magnetization M, with an upper bound for |D| → ∞ given by the free saturation value g S µ B S. This observation is in agreement with the expectations formulated at the beginning of this section. One might therefore say that an easy axis anisotropy stabilizes the impurity spin.
Taking another look at Fig. 4 and focusing on the regime of small magnetic fields with Zeeman energy −8 W for S = 3/2, and kBT ≈ 1.58·10 −10 W for S = 2. The impurity spin S increases from bottom to top. Note that M is not saturated for any field in the plot range (cf. Fig.  4 ). Open symbols represent fits using a rescaled and shifted Brillouin function, f (x) = γBS(ηx), and solid (green) lines fits using a rescaled and shifted Langevin function, g(x) = γL(ηx).
a saturation of the impurity magnetization M (this impression would not occur for an isotropic impurity). This observation raises the question whether it is possible to approximately describe the field dependence of M for g S µ B B |D| using a theory for a free spin, whose magnetization saturates at zero temperature. In the simplest case such a description could be provided by a Brillouin function B S (x), which gives the temperature and field dependence of the magnetization of a free and isotropic spin. As demonstrated in Fig. 5 for one value of the anisotropy parameter D, it is in fact possible to adequately fit the NRG results for M from Fig. 4 using a rescaled and shifted Brillouin function, f (x) = γB S (ηx) with free parameters γ and η, as long as k B T |D| and g S µ B B |D|. However, for larger fields the behavior of the impurity magnetization clearly differs from the prediction of a Brillouin function, as seen in Fig. 4 . The ratio of |D| and k B T H (or alternatively k B T K ) determines the "apparent saturation value" of M and thus the parameter γ. In contrast to a fit employing a modified Brillouin function, a classical description using a rescaled and shifted Langevin function, g(x) = γL(ηx) with L(x) = lim S→∞ B S (x), does not work well for magnetic fields close to the saturation field (cf. the solid lines in Fig. 5 ), as is to be expected for a quantum mechanical system with low spin. Nevertheless, a fit using g(x) can produce reasonable results for fields that are small in comparison to the saturation field.
The results depicted in Fig. 5 might be of importance for an experimental study of a system that is (approximately) described by Hamiltonian (1) with a strong "easy axis" anisotropy. (Hier ein Hinweis auf irgendein −8 for S = 3/2, and kBT /W ≈ 1.58 · 10 −10 for S = 2. The impurity spin S increases from bottom to top. Note that M is not saturated for any field in the plot range (cf. Fig.  4 ). Open symbols represent fits using a rescaled and shifted Brillouin function, f (x) = γBS(ηx), and solid (green) lines fits using a rescaled and shifted Langevin function, g(x) = γL(ηx).
|D|, one might be misled to think that there is a saturation of the impurity magnetization M (this impression would not occur for an isotropic impurity). This raises the question whether it is possible to approximately describe the field dependence of M for g S µ B B |D| using a model for a free spin. In the simplest case, such a description could be provided by a Brillouin function B S (x), which gives the temperature and field dependence of the magnetization of a free and isotropic spin S. As demonstrated in Fig. 5 for one value of D, it is in fact possible to adequately fit the NRG results for M from Fig. 4 using a rescaled and shifted Brillouin function, f (x) = γB S (ηx) with free parameters γ and η, as long as k B T |D| and g S µ B B |D|. However, for larger fields the behavior of the impurity magnetization clearly differs from the prediction of a Brillouin function, as seen in Fig. 4 . The ratio of |D| and k B T H (or alternatively k B T K ) determines the "apparent saturation value" of M and thus the parameter γ. In contrast to a fit with a modified Brillouin function, a classical description using a rescaled and shifted Langevin function, g(x) = γL(ηx) with L(x) = lim S→∞ B S (x), does not work well for magnetic fields close to the "saturation field" (cf. the solid lines in Fig. 5 ), as is to be expected for a quantum mechanical system with low spin. Nevertheless, a fit using g(x) can produce reasonable results for fields that are small compared to the "saturation field".
The results depicted in Fig. 5 might be of importance for an experimental study of a system that is (approximately) described by Hamiltonian (1) with a strong easy axis anisotropy. It is then conceivable that a measurement of the magnetization for magnetic fields that can be realistically produced in an experiment (depending on the value of D, fields with g S µ B B ≈ |D| might not be obtainable) does not allow to distinguish between the behavior of an anisotropic impurity spin and that of a free spin. Such a scenario seems more likely if the experimental control over the g-factor and the absolute magnitude of the magnetization is limited, and if |D| is large compared to k B T K so that the "apparent saturation value" of the impurity magnetization lies close to the free saturation value g S µ B S.
B. Impurity contribution to the magnetization and the susceptibility
As for an isotropic impurity (cf. Sec. IV A), we have analyzed the connection between the impurity magnetization M, which is shown in Fig. 4 , and the impurity contribution to the magnetization M imp (not shown) for D < 0. It is found that the relation between both quantities is the same as in the isotropic case, i.e., M = αM imp with a proportionality factor α that is independent of the anisotropy parameter D when taking into account the precision of the results from Table I . For impurity spin S = 2 and coupling strength ρJ = 0.07 the obtained value of the proportionality factor is α = 1.03701(3).
We have furthermore investigated the relationship between M imp at non-zero magnetic field and the impurity contribution to the susceptibility χ imp at zero field. At low temperature k B T |D|, χ imp obeys a Curie law with a Curie constant interpolating between the free isotropic value of S(S + 1)/3 for |D| → 0 and the free anisotropic low temperature value of S 2 for |D| → ∞. 56 It turns out that there is a simple relation between the Curie constant and the zero-temperature magnetization M imp for small magnetic fields g S µ B B |D|:
The relative deviation between left hand and right hand side of Eq. (17), as determined by NRG calculations for all parameter combinations used in Fig. 4 , is less than 1 ‰. The relationship between zero-field susceptibility and magnetization expressed by Eq. (17) is actually the same as for a doublet composed of states with magnetic quantum numbers ±M . In particular, a free spin with easy axis anisotropy effectively reduces to such a doublet at low temperature k B T |D|, as discussed at the beginning of this section.
In summary, the following picture of the lowtemperature properties of a Kondo impurity with easy axis anisotropy is obtained: The impurity effectively acts as a two-level system with residual entropy S imp = k B ln 2, 56 that splits up in a small magnetic field (leading to S imp = 0) and displays an unusual groundstate magnetization indicative of a so-called "fractional spin"
56 . De- spite this special property, the combination of χ imp and M imp shows that the magnetic response at low temperature and field still resembles that of an ordinary magnetic doublet.
VI. IMPURITIES WITH HARD AXIS ANISOTROPY
We now investigate how an additional hard axis anisotropy (D > 0) affects the magnetic properties of the impurity. To lay the foundations for a study of the full impurity problem, we first discuss the magnetic field dependence of the magnetization for a free anisotropic spin described by Hamiltonian (5) with D > 0.
For positive D and B = 0, the eigenvalues of Hamiltonian (5) are energetically ordered according to the absolute value of their respective magnetic quantum number M . Depending on the spin S, the groundstate is thus either a singlet with M = 0 (for integer S) or a doublet with M = ±1/2 (for half-integer S). In either case, the rest of the energy spectrum is comprised of doublets with magnetic quantum numbers ±M and 1/2 < M ≤ S. The energy gap ∆ |M | between a level with quantum number M and the next higher-lying doublet is given by ∆ |M | = (2|M | + 1)D. As a consequence of the magnetic field dependence of the eigenvalues described by the Zeeman term in Eq. (5), n groundstate level crossings occur for positive magnetic fields, with n = S for integer spin and n = S − 1/2 for half-integer spin. At the field B M = ∆ |M | /g S µ B , the magnetic quantum number of the groundstate abruptly changes from −M to −(M +1) and hence the zero-temperature magnetization curve displays a discontinuous step. This effect is illustrated in Fig. 6 for spin S = 1, 3/2, and 2. Finite temperature smears out the magnetization steps and renders them continuous. As the low-energy situation is the same in the vicinity of each groundstate level crossing, so is the effect of moderate temperature (cf. Fig. 6 c) .
A. Magnetic field dependence of the impurity magnetization
We begin with the discussion of the magnetic field dependence of the impurity magnetization M(B) for equal g-factors and quasi-vanishing temperature T ≈ 0. Magnetization curves for impurity spin S = 1, 3/2, and 2, and several values of the anisotropy parameter D > 0 are shown in Fig. 7 . Since the coupling strength ρJ, and thus the isotropic energy scale k B T H according to Table  I , is kept constant, the ratio k B T H /D is varied. Note that a linear magnetic field scale is used in Fig. 7 to allow for an easy comparison with the results for a free anisotropic spin from Fig. 6 .
For an interpretation of the results for M(B, T ≈ 0), let us first consider the two limiting cases in which D is either small or large compared to k B T H . In the following, imagine that we move from large magnetic fields to lower fields. If D is large, then little isotropic Kondo screening can occur before the anisotropy becomes effective. As a guideline, we might thus think of the energy spectrum of a free anisotropic spin S. On the other hand, for small D significant isotropic Kondo screening can take place before the magnetic field reaches the energy scale defined by the anisotropy, so that it eventually becomes more appropriate to think of the energy levels of a free anisotropic spin S − 1/2. As illustrated in Fig. 6 , groundstate level crossings occur for a spin with hard axis anisotropy at certain fields and give rise to steps in the zero-temperature magnetization curve. For small and large anisotropy D, the impurity magnetization M(B, T ≈ 0) also displays sharp, step-like features that are surrounded by magnetic field domains in which M only slowly increases with B ("pseudoplateaus"). However, due to the energy continuum of electronic states, these sharp features stay continuous even in the limit of zero temperature. The number of steps and their position relative to the field D/g S µ B depends on the impurity spin S for large D and on the residual spin S − 1/2 for small D, respectively. The case S = 1 is special because the residual spin-1/2 cannot have uniaxial anisotropy. The single step which exists for S = 1 at large D therefore disappears for smaller values of D. With respect to the energy scale imposed by the anisotropy, the steps in the impurity magnetization become well-defined for small and large D. In addition, the pseudo-plateaus become flatter. Fig. 7 c furthermore suggests that the two steps appearing in M(B, T ≈ 0) for S = 2 and large D have different width. We are going to discuss the aspect of step width in more detail in Sec. VI C. In particular, it will be shown that an impurity magnetization step is steeper if it occurs at larger field. It turns out that a standard z-averaging of the NRG re- fective and M(B, T ≈ 0) begins to deviate from the isotropic curve. In particular, M(B, T ≈ 0) exhibits a linear dependence on B for magnetic fields that are small compared to all relevant energy scales. A proportionality M(B) ∝ B at low field is also observed for finite temperature, but, in general, the slope of the impurity mag- sults introduces artifacts into the magnetization steps for large anisotropy D. This problem is investigated in more detail in the context of an effective model at the end of Sec. VI C. The plots shown in Fig. 7 are not visibly affected by this numerical shortcoming.
The position of the steps in the impurity magnetization curves for both small and large anisotropy D seems interesting. Figs. 7 b and c show that for small D and impurity spin S = 3/2 and S = 2 a step occurs at a magnetic field which is smaller than the corresponding level crossing field for a free anisotropic spin S − 1/2. In contrast, for large D and all three impurity spins considered in Fig. 7 , each impurity magnetization step is found at a field exceeding the corresponding level crossing field for a spin S. One might wonder whether the half-bandwidth W of the electrons has an impact on these two effects. To investigate this question for the case of small anisotropy, we have calculated additional magnetization curves for impurity spin S = 3/2 and S = 2 with decreasing coupling strength ρJ (0.09, 0.07, and 0.05).
Since ρ = 1/2W , a reduction of ρJ can be interpreted as an increase of the half-bandwidth W for fixed J. For each value of the coupling strength the anisotropy parameter was chosen according to Table I so as to give a constant ratio k B T H /D = 1000. With this choice of D, a reduction of ρJ leads to a shift of the step in the impurity magnetization curve towards smaller fields relative to D/g S µ B . This suggests that the effect observed for small D is not bandwidth-related. The question at which fields impurity magnetization steps occur for large anisotropy is considered in chapter VI C. The limiting cases of small and large anisotropy D are connected by a regime with partial isotropic Kondo screening in which it is not possible to exclusively think in terms of the impurity spin S or an residual spin S − 1/2. Impurity magnetization steps are broadened in this regime with respect to the energy scale D and, upon reducing the anisotropy parameter, move towards lower fields relative to D/g S µ B (see Fig. 7 b) . In addition, one step disappears for D ≈ k B T H in case of integer impurity spin S (cf. Fig. 7 c) . Isotropic Kondo screening effectively changes the impurity spin S from integer to halfinteger and vice versa. 56 Depending on the ratio k B T H /D and the resulting degree of isotropic Kondo screening, different behavior of the impurity magnetization is therefore observed, in particular for fields g S µ B B D: While there is little magnetic response for an effective integer spin (at zero temperature, there is none at all for a free anisotropic integer spin as shown in Fig. 6 ), we have larger impurity magnetization M ≈ g S µ B /2 for effective half-integer spin. However, in the latter case an additional pseudo-spin-1/2 Kondo effect occurs 56 which leads to a suppression of the impurity magnetization for magnetic fields g S µ B B D. In order to study the three different anisotropy regimes
in more detail, selected impurity magnetization curves from Fig. 7 are replotted using a logarithmic magnetic field scale (see Figs. 8, 9 , and 10). This brings out effective spin-1/2 Kondo effects more clearly and allows for a better comparison with the behavior of an isotropic impurity. Figs. 8, 9 , and 10 furthermore demonstrate the effect of finite temperature on the impurity magnetization for the case of hard axis anisotropy. We now investigate how the impurity magnetization M(B, T ≈ 0) is affected by a non-zero electron g-factor corresponding to a positive ratio g e /g S > 0. Because of the sharp features that are found in the magnetization curves, the present case of "hard axis" anisotropy seems well suited to study the influence of non-zero g e (alternatively one could examine the effect of the electron g-factor on the basis of the linear magnetic field dependence that than k B T /g S µ B . On the other hand, judging by the relative deviation from the zero-temperature curve, finite temperature has negligible effect on the impurity magnetization if the thermal energy falls into the energy regime in which M(B, T ≈ 0) ∝ B (such a temperature independence is known for an isotropic impurity with S = 1/2, as discussed in Sec. IV A). In this regard, M differs from the magnetization of a free anisotropic spin for which non-zero temperature is always relevant. If the impurity magnetization curve features steps, they are smeared out for sufficiently high temperature. In case there is more M(B) exhibits for small B). As an example, Fig. 11 shows magnetization curves M(B, T ≈ 0) for impurity spin S = 1, moderately large D, and several g-factor ratios interpolating between a "local field" (g e = 0) and a "bulk field" (g e = g S ).
The results presented in Fig. 11 demonstrate that a positive electron g-factor effectively causes a rescaling of the magnetic field: a ratio g e /g S > 0 shifts the impurity magnetization curve for g e = 0 towards larger fields and thus reduces M(B, T ≈ 0), which is a monotonically increasing function of B, for a fixed magnetic field value. M(B) exhibits for small B). As an example, Fig. 11 shows magnetization curves M(B, T ≈ 0) for impurity spin S = 1, moderately large D, and several g-factor ratios interpolating between a "local field" (g e = 0) and a "bulk field" (g e = g S ).
The results presented in Fig. 11 demonstrate that a positive electron g-factor effectively causes a rescaling of the magnetic field: a ratio g e /g S > 0 shifts the impurity magnetization curve for g e = 0 towards larger fields and thus reduces M(B, T ≈ 0), which is a monotonically increasing function of B, for a fixed magnetic field value. than one step in M(B, T ≈ 0) (cf. Fig. 10 a) , then, as a further difference compared to a free anisotropic spin, non-zero temperature has unequal effect on the different steps. We come back to the last two observations in Sec. VI C. Ref. 56 arrives at the conclusion that an impurity with additional hard axis anisotropy undergoes anisotropic spin-1/2 Kondo screening if higher-lying impurity states are frozen out so that the impurity is effectively reduced to a spin-1/2 doublet. For g S µ B B D and low temperature, the impurity magnetization is therefore either suppressed if the impurity is effectively reduced to a singlet (cf. Figs. 8 a, 9 c, and 10 a), or it reflects the magnetic response of a Kondo screened spin-1/2 doublet (cf. Figs. 8 c, 9 a, and 10 c). For small D and integer impurity spin, the corresponding Kondo temperature T * K decreases faster than linear in D upon reducing the anisotropy (it even drops exponentially fast in the special case S = 1). 56 As a result, the pseudo-plateau that appears for S = 2 at magnetic fields g S µ B B 2D (see Figs. 10 c and 7 c) becomes flatter and broader when decreasing D, whereas a reduction of D eventually leads to quasi-isotropic behavior over the whole considered magnetic field range for S = 1 (see Figs. 8 c and 7 a) . On the other hand, for large and increasing anisotropy D and half-integer impurity spin, the observed screening effect is increasingly well described by an exchange-anisotropic S = 1/2-Kondo model, whose Kondo temperature has a value much smaller than W/k B .
56 This means that the pseudo-plateau occuring for impurity spin S = 3/2 and fields g S µ B B 2D (see Figs. 9 a and 7 b) becomes more pronounced for larger anisotropy D. As a final remark, Fig. 10 a once again shows the different width of the two impurity magnetization steps for S = 2 and large D.
B. Influence of the electron g-factor on M and the connection between M and M imp
We now investigate how the impurity magnetization M(B, T ≈ 0) is affected by a non-zero electron g-factor corresponding to a positive ratio g e /g S > 0. Because of the sharp features that are found in the magnetization curves, the case of hard axis anisotropy seems well suited to study the influence of non-zero g e (alternatively one could examine the effect of the electron g-factor on the basis of the linear magnetic field dependence of M(B) for small B). As an example, Fig. 11 shows magnetization curves M(B, T ≈ 0) for impurity spin S = 1, moderately large D, and several g-factor ratios interpolating between a local field (g e = 0) and a bulk field (g e = g S ).
The results presented in Fig. 11 demonstrate that a positive electron g-factor effectively causes a rescaling of the magnetic field: A ratio g e /g S > 0 shifts the impurity magnetization curve for g e = 0 towards larger fields and thus reduces M(B, T ≈ 0), which is a monotonically increasing function of B, for a fixed magnetic field value. Using the notation M(B, T, g S , g e ), this statement can be expressed as:
with a rescaling factor η(ρJ, g e /g S ) ≥ 1 for g e /g S ≥ 0 that depends on the coupling strength ρJ. with S = 1/2, the g-factor of the electrons (or equivalently their magnetic moment) is irrelevant for impurity properties in the limit of infinite bandwidth.
In the special case of impurity spin S = 1/2 and vanishing anisotropy D = 0, it is also possible to compare the obtained values for η(ρJ, 1) and α(ρJ) with previously published results. For the exchange-anisotropic multichannel S = 1/2-Kondo model with couplings J z > J ⊥ , it is known that the impurity contributions to the free energy F imp (B, T, g S , g e ) for local and bulk magnetic field have the following relation:
Here, f is the number of electron channels and δ is the phase shift generated by the coupling J z . This result for F imp is a generalization of the conclusion that the impurity contribution to the susceptibility χ imp (g S , g e ) at zero magnetic field satisfies χ imp (g S , g e ) = λ(g e /g S , δ)χ imp (g S , g S ), with a certain factor λ, for the single-channel exchange-anisotropic S = 1/2-Kondo model. 30 Using the definition for the impurity contribution to the magnetization, M imp = −∂F imp /∂B, and the equivalence of M imp and the impurity magnetization M for g e = 0, the following relation is obtained from Eqs. (19) and (20):
On the other hand, the proportionality M(B, T ≈ 0, g S , g S ) = α(ρJ)M imp (B, T ≈ 0, g S , g S ) implied by our may therefore state that the impurity effectively "feels" a smaller magnetic field if there is also a Zeeman term for the electrons in Hamiltonian (1).
For a bulk field, Fig. 11 additionally shows the impurity contribution to the magnetization M imp . Note that M and M imp are equal by definition for a local field. As previously found in the isotropic (cf. Sec. IV A) and easy axis case (cf. Sec. V A), the numerical results strongly suggest a proportionality M(B, T ≈ 0) = α(ρJ)M imp (B, T ≈ 0) for fields g S µ B B W . A study of the connection between M and M imp for anisotropy parameters 0 < D W and impurity spin S = 1, 3/2, and 2 reveals that the average values for α(0.07) are nearly identical to the values for the isotropic case reported in Table I , and that the standard deviations have the same order of magnitude.
73 In combination with the previous results for D ≤ 0, we hence conclude that the effect of the uniaxial anisotropy on the value of α must be very small as long as |D|
W . An analysis of the magnetization curves for hard axis anisotropy furthermore shows that the values of the rescaling factor η(0.07, 1) (approximately 1.038 for S = 1, 1.0375 for S = 3/2, and 1.037 for S = 2) and the corresponding proportionality factor α(0.07) are remarkably similar. In case of S = 1, we have also studied the difference between a local and bulk magnetic field for the two other coupling strengths previously considered (i.e., for ρJ = 0.05, 0.09). The rescaling factors obtained for D W (η(0.05, 1) ≈ 1.0265 and η(0.09, 1) ≈ 1.0497) are again in remarkable agreement with the corresponding values of α(ρJ). Moreover, we find that Eqs. (18) and (19) , with the values of η(ρJ, 1) as determined for D > 0, are also suitable to describe the relation between the impurity magnetization curves for a local and bulk magnetic field for anisotropy D ≤ 0. As M(B, T ≈ 0) lacks sharp features in the isotropic and easy axis case, the effect of a non-zero electron g-factor is more subtle, though.
The numerical results thus strongly suggest that the rescaling factor η(ρJ, 1) and the proportionality factor α(ρJ) take the same value. Furthermore, we find our results to be compatible with the conclusion of Ref. 42 that, in case of the isotropic Kondo model with S = 1/2, the g-factor of the electrons (or equivalently their magnetic moment) is irrelevant for impurity properties in the limit of infinite bandwidth, corresponding to ρJ → 0.
In the case of impurity spin S = 1/2 and vanishing anisotropy D, it is also possible to compare the obtained values for η(ρJ, 1) and α(ρJ) with previously published results. For the exchange-anisotropic multichannel S = 1/2-Kondo model with transverse coupling strength ρJ ⊥ 1 (see Eq. (29) for the meaning of the symbols J ⊥ and J ), it is known that the impurity contributions to the free energy F imp (B, T, g S , g e ) for local and bulk magnetic field have the following relation:
Here, f is the number of electron channels and δ is the phase shift generated by the longitudinal coupling J . This result for F imp is a generalization of the conclusion that the impurity contribution to the susceptibility χ imp (g S , g e ) at zero magnetic field satisfies χ imp (g S , g e ) = λ(g e /g S , δ)χ imp (g S , g S ), with a certain factor λ, for the single-channel exchange-anisotropic S = 1/2-Kondo model with ρJ ⊥ 1. 75 Using the definition for the impurity contribution to the magnetization, M imp = −∂F imp /∂B, and the equivalence of M imp and the impurity magnetization M for g e = 0, the following relation is obtained from Eqs. (20) and (21):
On the other hand, the proportionality M(B, T ≈ 0, g S , g S ) = α(ρJ)M imp (B, T ≈ 0, g S , g S ) implied by our NRG results can be combined with Eqs. (18) and (19) to give:
With f = 1 and the phase shift for the case of an electron band of width 2W with constant DOS ρ = 1/2W , 76 δ(ρJ ) = arctan (πρJ /4) (note the sign change with respect to Ref. 76) , we compare Eqs. (22) and (23) and deduce for ρJ ⊥ 1:
B, T ≈ by our nd (19) . (23) an elec-/2W ,
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−15 ≈ 0. The corresponding standard deviations would amount to error bars smaller than the symbol size.
Effective models near groundstate level crossings in the limit of arbitrarily large anisotropy
For given impurity spin S ≥ 1 let us consider one of the groundstate level crossings of the corresponding free anisotropic spin (see Fig. 6 ). If D is large, then the two levels which cross in the groundstate are energetically well separated from the rest of the spectrum in the vicinity of the LC field. As an approximation for the full impurity model near this free LC field, we therefore project the impurity degrees of freedom in Hamiltonian (1) onto the two impurity states involved in the free LC. This way, the impurity Hilbert space is reduced to two states and the impurity spin S can thus be mapped to an effective spin-1/2. While the projection becomes exact only in the limit D → ∞, we expect it to be a convincing approximation for D W and D k B T . The mapping of the impurity spin to a spin-1/2 is an extension of the ideas from Refs. 61 and 56. In contrast to the case of zero magnetic field that is studied there, we do not project onto impurity doublets with M = ±1/2 (see below). Furthermore, at each LC, i.e. for each step in the magnetization curve, the impurity is reduced to a different pair of states. As a consequence, different parameters of the effective model are obtained at each LC.
We intend to use the effective models to determine the magnetic fields for which steps appear in the impurity magnetization curve at large anisotropy D (cf. Fig. 7) , and to investigate how the properties of the full impurity model differ near the various free LCs (as indicated, e.g., 24). Open symbols indicate the proportionality factors for the isotropic case (i.e., J = J ⊥ ), which are also found in Table I . As before, α has been averaged over magnetic fields gSµBB/W ∈ [10 −13 , 10 . (24) This equation predicts, in particular, that both the proportionality factor and the rescaling factor tend to 1 in the limit ρJ → 0. From Eq. (24) the following values for α(ρJ ) are obtained: α = 1.02563 (ρJ = 0.05), 1.03623 (0.07), and 1.04704 (0.09). In Fig. 12 , we present NRG results for α for an impurity spin S = 1/2 with vanishing uniaxial anisotropy, but with additional exchange anisotropy. It is seen that the calculated proportionality factors indeed approach the predictions of Eq. (24) for decreasing transverse coupling strength ρJ ⊥ . For ρJ ⊥ = 0.01 and all three considered values of ρJ , the relative deviation is about 4 · 10 −5 . In the isotropic case (i.e., J = J ⊥ = J), the relative deviation is less than half a percent, with better agreement for smaller coupling J.
Since Eqs. (20) and (21) also hold for non-zero temperature, the connection between M(B, T > 0) and M imp (B, T > 0) has been studied for isotropic impurity spin S = 1/2, 1, and 3/2, and isotropic coupling ρJ = 0.05, 0.07, and 0.09. It turns out that M and M imp are still proportional for non-zero temperature and that, for g S µ B B/W ∈ [10 −13 , 10 −1 ], the relative deviation between the proportionality factor and the corresponding value α(ρJ, T ≈ 0) is less than 1 ‰ for thermal energies k B T /W ≤ 10 −2 .
C. Field-induced Kondo effect
To better understand the steps in the low temperature magnetization curves for large anisotropy D > 0 (cf. Figs. 7 and 13 a) , we now derive effective (simplified) models near groundstate level crossings (LCs) of the corresponding free anisotropic spin (see Fig. 6 ). These models are approximations to the full Hamiltonian in the limit D → ∞.
1. Effective models near groundstate level crossings in the limit of arbitrarily large anisotropy
For given impurity spin S ≥ 1 let us consider one of the groundstate level crossings of the corresponding free anisotropic spin (cf. Fig. 6 ). If D is large, then the two levels which cross in the groundstate are energetically well separated from the rest of the spectrum in the vicinity of the LC field. As an approximation for the full impurity model near this free LC field, we therefore project the impurity degrees of freedom in Hamiltonian (1) onto the two impurity states involved in the free LC. This way, the impurity Hilbert space is reduced to two states and the impurity spin S can thus be mapped to an effective spin-1/2. While the projection becomes exact only in the limit D → ∞, we expect it to be a quantitative approximation for D W and D k B T . The mapping of the impurity spin to a spin-1/2 is an extension of the ideas from Refs. 61 and 56. In contrast to the case of zero magnetic field that has been studied there, we do not project onto impurity doublets with M = ±1/2 (see below). Furthermore, at each LC, i.e., for each step in the magnetization curve, the impurity is reduced to a different pair of states. As a consequence, different parameters of the effective model are obtained at each LC.
We intend to use the effective models to determine the magnetic fields at which steps appear in the impurity magnetization curves for large anisotropy D (cf. Fig. 7) , and to investigate how the properties of the full impurity model differ near the various free LCs (as indicated, e.g., by Fig. 13 a) . Compared to the full model, the effective models are numerically less demanding as they feature an impurity spin-1/2 independent of the value of S, and they allow to study the effect of the different terms appearing in the effective Hamiltonian.
To be specific, we consider the two impurity states with magnetic quantum numbers −M and −(M + 1) (assuming M ≥ 0), which cross at the free LC field B M = (2M + 1)D/g S µ B , and project Hamiltonian (1) onto them. The effective model is determined by requiring that its matrix representation be equal to that of the full model in the chosen subspace. Note that we have to introduce new impurity states by shifting the magnetic quantum number in order to map the impurity spin to a spin-1/2. This mapping then corresponds to the following replacements for the impurity spin operators:
The impurity now has spin s = 1/2 and the replacement for (S ∼ z ) 2 directly follows from that for S ∼ z . In the parameter regime in which the projection is valid, the mapping for S ∼ z leads to the following connection between the impurity magnetization of the full and effective model:
There is an analogous relationship for the impurity contribution to the magnetization M imp . According to its definition, the impurity contribution to the magnetic susceptibility χ imp is not affected by the shift of the magnetic quantum numbers. Applying mappings (25) to (27) to the full impurity model (1) and dropping all constant terms, the following Hamiltonian is obtained:
with the set of parameters
In contrast to the full Hamiltonian, H ∼ s (S, M ) is exchange anisotropic with J ⊥ > J : J ⊥ /J grows with S and decreases with increasing M (while always present, the exchange anisotropy thus becomes weaker with every further LC). The Zeeman term for the impurity is now expressed relative to the free LC field B M . H ∼ s (S, M ) furthermore contains the new term −κs ∼ z 0 representing an effective magnetic field, which couples to the electron spin at the origin and points in the opposite direction of the external field B. With respect to NRG, this term can be regarded as spin-dependent scattering at the zeroth site of the Wilson chain. It breaks the invariance under a spinflip transformation (c ∼ kσ → c ∼ k−σ and s
, which H ∼ s (S, M ) would otherwise possess for B = B M . While the scattering parameter κ grows with M , the ratio κ/B M is independent of M . Starting with the second LC, κ is larger than J . The ratio κ/J ⊥ , which at first is smaller than 1, also grows with M and eventually becomes greater than 1 if S is large enough.
As an analogue to the free LC field B M , we call the magnetic field B ELC for which the impurity magnetization vanishes at zero temperature (i.e., the two impurity levels are effectively degenerate), "effective level crossing (ELC) field":
In the parameter regime in which the mapping to a spin-1/2 is valid, there is a step in the impurity magnetization curve of the full model at the ELC and, according to Eq. (28), the value of M at the ELC is M ≈ g S µ B (M +1/2). In the following, we discuss the properties of Hamiltonian (29) in more detail for the two different cases g e > 0 and g e = 0. Let us begin with the case g e > 0. As the free LC field B M is proportional to D, the limit D → ∞ also corresponds to the limit B → ∞. A non-zero Zeeman coupling of the electrons therefore leads to their complete polarization so that formally they may be replaced with spinless fermions (corresponding to spin-down electrons). Since the remaining fermion band is then completely filled, all interaction terms vanish and the electrons can be completely eliminated from the problem. For g e > 0 and arbitrarily large D, Hamiltonian (29) thus reduces to a pure spin model:
Here, we have introduced a relative magnetic field B = B − B M . As the only remnant of the interaction between impurity and electrons, a shift of the free LC field remains. This shift is positive for antiferromagnetic coupling J > 0 and only depends on the coupling strength, but not on S or M . It is thus the same for all LCs. From the effective model (36) we learn that the ELC fields eventually exceed the free LC fields for g e > 0 and large anisotropy D (cf. Fig. 7 ). We now turn to the case of a local magnetic field. Setting g e = 0 and using the relative field B, Hamiltonian (29) becomes the effective model for arbitrarily large D:
We are particularly interested in the properties of H (ge=0) eff ( B; S, M ) at the ELC field B ELC = B ELC − B M . Due to the scattering term, the effective model does not exhibit a spinflip-invariance at the ELC. It therefore seems that the ELC is not characterized by special symmetry properties. A spin-independent (potential) scattering term can be treated by transforming to scattering states which diagonalize the electronic part of the Hamiltonian (cf. App. C of Ref. 77 ). Although such a transformation can be easily adapted to the case of spin-dependent scattering, it does not seem to yield the intended results. The approximation which is used in the spin-independent case (a modification of the density of states at the Fermi level expressed by an effective coupling parameter) 77 would restore spinflip-invariance for B = 0 in the spin-dependent case and would thus erroneously imply s (31) and (32)), there is also a different Kondo temperature T K at each ELC. It turns out that T K decreases with increasing M , i.e., T K becomes smaller with every further ELC.
Magnetic field dependence of impurity contributions near effective level crossing fields
Armed with the effective model H ∼ (ge=0) eff ( B; S, M ) for a local magnetic field, we now study in detail the field dependence of typical impurity contributions of the full impurity model for moderately large anisotropy D > 0. In Fig. 13 results for M imp (B), S imp (B), and T χ imp (B) are shown for impurity spin S = 3 and anisotropy D/W = 10 −3 . As before, equal g-factors have been assumed.
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Let us start with a discussion of the magnetization curves depicted in Fig. 13 a. According to the previously considered behavior of the impurity magnetization M and its connection with M imp , there are also steps in M imp (B) at low temperature. These steps have finite widths for T → 0 and are smeared out for sufficiently high temperature. It is noticeable that the steps have different widths: those occurring at larger magnetic field are steeper. Fig. 13 a furthermore indicates that the influence of non-zero temperature is different for the different steps. In contrast, for a free anisotropic spin the steps in the magnetization become discontinuous for T → 0 and the effect of non-zero (small) temperature is the same for all of them (see Fig. 6 ). In the chosen representation of Fig. 13 a, the pseudo-plateaus between the steps become flatter in the direction of increasing magnetic field and approach the true plateaus of the free anisotropic spin (Color online) Impurity contribution to a) the magnetization Mimp, b) the entropy Simp, and c) the effective moment T χimp as function of magnetic field for impurity spin S = 3, "hard axis" anisotropy D/W = 10 −3 , and several temperature values. In plot a) the dashed curve shows Mimp for kBT /W ≈ 0, and for the curves in plots b) and c) temperature increases from bottom to top. Thin vertical lines indicate the (equal) peak positions for Simp and T χimp. As before, the coupling strength is chosen as ρJ = 0.07 and equal g-factors are used.
3. Temperature dependence of impurity contributions at effective level crossing fields Fig. 13 shows the temperature dependence of S imp , T χ imp , and χ imp at the three ELCs that occur for the example considered in Fig. 12 . In case of entropy and effective moment it is thus demonstrated how the peak heights in Figs. 12 b) from below for growing anisotropy D.
The behavior of M imp (B) as shown in Fig. 13 a can be understood by considering the magnetic field dependence of M imp for the isotropic S = 1/2-Kondo model with g e = g S . In this case, M imp (B, T = 0) is described by a universal function f (x) with the variable x = g S µ B B/k B T H (and T H ∝ T K , cf. Sec. IV A).
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f (x) is linear in x for x 1 and thus the slope of M imp (B) for small fields is higher if the Kondo temperature is smaller. 39, 40 This relation is also expressed by Wilson's definition of the Kondo temperature:
12 The zero-field susceptibility for T T K is a T K -dependent constant: χ imp (B = 0, T T K ) = const./T K . Combined with the prediction of the effective model with g e = 0 for the Kondo temperatures at the different ELCs, this explains why the steps in the magnetization curve of the full model have different widths at zero temperature. In case of the S = 1/2-Kondo model, temperature has to reach the scale of T K to become relevant for the zero-field susceptibility.
12 For this reason, thermal broadening of a step in M imp (B) begins at lower temperature if the step occurs at a later ELC with smaller T K . Furthermore, away from an ELC the magnetization reaches values of the order of the respective saturation value for smaller magnetic fields (relative to the ELC field) if the Kondo temperature at the ELC is lower. It subsequently enters the regime of very slow growth towards saturation, which shows up in Fig. 13 a in the form of a pseudoplateau. This also explains why pseudo-plateaus between later ELCs with smaller T K are flatter.
We now continue with a discussion of the magnetic field dependence of the impurity contribution to the entropy and the effective moment. Results for S imp (B) and T χ imp (B) at low temperature k B T < D are shown in Fig.  13 b and c, respectively. In both cases we observe peaks of varying height and width whose positions coincide with those of the steps in M imp (B). We find that the peaks become both higher and narrower with every further ELC. If the temperature is reduced, the peak heights decline and at the same time, if T is not too low, the peaks become sharper. It is noticeable that there is a temperature below which the width of the first peak in both S imp and T χ imp varies only little as a function of T .
At zero temperature both S imp and T χ imp vanish for all magnetic fields. In case of the entropy, the reason is that the magnetic field either leads to a non-degenerate groundstate or it creates an effective impurity doublet which is then Kondo screened. The effective moment, on the other hand, has to go to zero since the slope of M imp (B) at zero temperature, i.e., χ imp (B, T = 0), is finite for all fields. For large anisotropy D, the temperature dependence of the peak heights is determined by the pseudo-spin-1/2 Kondo effects that take place at the ELCs (see the next section and Fig. 14 for details) . By recollecting results for the S = 1/2-Kondo model, 44 we can furthermore understand the different peak widths and their temperature dependence. In case of the S = 1/2-Kondo effect, the Zeeman energy g S µ B B has to reach the energy scale of max (k B T, k B T K ) in order to considerably suppress S imp and T χ imp . 44 In particular, since the lowest temperatures considered in Fig.  13 are smaller than T K at the first ELC (cf. the indicated temperature range in Fig. 14 a) , temperatures are reached for which the thermal broadening of the first peak is small.
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T → 0. In contrast, χ imp (B = 0, T ) for the anisotropic impurity has a maximum at k B T ≈ D and vanishes for zero temperature. Since the ELCs lie close to the free LCs in this example, the susceptibility for the decoupled anisotropic impurity displays a maximum at a thermal energy of the order of the level splitting before falling off at low temperature. At the ELCs, χ imp (T ) for the anisotropic impurity saturates at a finite value for T → 0 that increases with decreasing Kondo temperature.
VII. CONCLUSIONS
Zusammenfassung der Ergebnisse
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Logarithmic discretization
Our starting point is the continuous energy representation of the Hamilton operator from Eq. (7) and we restrict ourselves to the physically reasonable case of h < W . In the following we assume that the magnetic field, corresponding to h, is non-zero and fixed. We now introduce abbreviations for the absolute value of the integration boundaries in Eq. (7),
rescale the integration variable ε, and change to rescaled operators (cf. Ref. 1): Fig. 12 , whereas dashed vertical lines indicate the thermal energy for which kBT = D. In the insets, data from the main plots is presented for a reduced temperature range.
Defining the normalized zeroth state of the Wilson chain as FIG. 14. (Color online) Impurity contribution to a) the entropy Simp, b) the effective moment T χimp, and c) the magnetic susceptibility χimp as function of temperature for impurity spin S = 3 and hard axis anisotropy D/W = 10 −3 . The chosen non-zero magnetic fields correspond to the peak positions for Simp and T χimp according to Fig. 13 . Also shown are NRG results for vanishing coupling strength (dashed lines) and for the isotropic case (dash-dotted lines). Solid vertical lines delimit the temperature interval considered in Fig. 13 , whereas dashed vertical lines indicate the thermal energy for which kBT = D. In the insets, data from the main plots is presented for a reduced temperature range.
3. Temperature dependence of impurity contributions at effective level crossing fields Fig. 14 shows the temperature dependence of S imp , T χ imp , and χ imp at the three ELCs that occur for the example considered in Fig. 13 . In case of entropy and effective moment it is thus demonstrated how the peak heights in Figs. 13 b and c decrease when the temperature is lowered.
Let us begin with a discussion of the results for S imp (T ) shown in Fig. 14 a. S imp (B = 0, T ) for the isotropic impurity with S = 3 interpolates between the limiting values of k B ln 7 (for T → ∞) and k B ln 6 (for T = 0), according to the screening of half a magnetic moment. In contrast, for the anisotropic impurity in zero field all higher-lying impurity levels are frozen out on the temperature scale k B T ≈ D so that S imp quickly drops to zero. 56 At high temperatures k B T D, on the other hand, the anisotropic impurity behaves more and more like an isotropic impurity. For the three ELC fields, we observe qualitatively different behavior at low temperature k B T < D compared to the case of zero field: Starting at S imp ≈ k B ln 2, the effective impurity doublet, which is formed due to the magnetic field, undergoes Kondo screening with a value of T K that decreases with every further ELC. While there is fair agreement with the results for a decoupled impurity at k B T > D, low temperature k B T D reveals that the ELC fields are not equal to the free LC fields. For this reason, all states except the respective non-degenerate groundstate are ultimately frozen out for T → 0.
We continue with a discussion of the temperature dependence of the effective moment T χ imp as illustrated in Fig. 14 b. For the isotropic impurity with S = 3,
2 obeys a Curie law at both high and low temperature and goes from S(S + 1)/3 = 4 (for T → ∞) to (S − 1/2)(S + 1/2)/3 = 35/12 (for T = 0). For the anisotropic impurity in zero magnetic field, on the other hand, the increasing thermal reduction to a non-magnetic groundstate for k B T < D leads to a vanishing effective moment at zero temperature.
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At very high temperature k B T W (not shown), we find the expected agreement between T χ imp (B = 0) for the isotropic and anisotropic case. The effective moment of the decoupled anisotropic impurity first goes to about 1/4 at k B T D (according to the susceptibility of a doublet with ∆M = 1), but then quickly drops to zero because of the non-degenerate groundstate with good magnetic quantum number. For the anisotropic impurity at the ELC fields, we again observe Kondo screening for T → 0 with different T K , starting with an effective moment of
Finally, we take a look at the results for the impurity contribution to the susceptibility χ imp (T ) that are presented in Fig. 14 c. According to its definition, χ imp is just the slope of M imp and thus directly yields information about the width of the steps in the magnetization curve shown in Fig. 13 a. For an isotropic impurity with S ≥ 1, the zero-field susceptibility at low temperature is described by a Curie law and thus diverges for T → 0. In contrast, χ imp (B = 0, T ) for the anisotropic impurity has a maximum at k B T ≈ D and vanishes for zero temperature. Since the ELCs lie close to the free LCs in this example, the susceptibility for the decoupled anisotropic impurity displays a maximum at a thermal energy of the order of the level splitting before falling off at low temperature. At the ELCs, χ imp (T ) for the anisotropic impurity saturates at a finite value for T → 0 that increases with decreasing Kondo temperature.
Recently, it has been demonstrated that a field-induced Kondo effect also occurs for Hamiltonian (1) with easy axis anisotropy D < 0, additional transverse anisotropy E, and a local magnetic field aligned along the x-axis. 58 
Properties of the effective model for vanishing electron g-factor
We now return to the effective model for g e = 0 given by Hamiltonian (37) in order to study its properties in greater detail. The ELC field B ELC and the Kondo temperature T ELC K at the ELC field are determined as function of the parameters J , J ⊥ , and κ of the effective model or, respectively, as function of the parameters J, S, and M of the full Hamiltonian (according to Eqs. (31) to (33)). As a prerequisite, we have to figure out how to reliably extract these quantities from the NRG results.
To determine B ELC , the impurity magnetization in units of g S µ B for the effective model, − s ∼ z ( B), is calculated for low temperature k B T W . In the vicinity of an ELC, i.e., near its root, the impurity magnetization depends linearly on the (relative) magnetic field B. The root, which corresponds to B ELC at T = 0, can therefore be determined by performing a linear fit to the numerical data. However, the following complication arises: The position of the root of s ∼ z ( B) depends on the value of the twist parameter z and thereby on the discretization of the electron band. On the contrary, a physically meaningful result for the ELC field should display only a weak dependence on the numerical parameters of an NRG calculation in order to accurately reflect the continuum limit Λ → 1. It turns out that a standard z-averaging, i.e., an averaging of the impurity magnetization curves for different values of z at fixed temperature, is not reasonable at this point. Near an ELC, such an averaging in general introduces artifacts into the averaged curve because of non-linear components which some of the z-dependent curves might already comprise. Similar numerical artifacts are found in the z-averaged magnetization curves of the full model for large hard axis anisotropy. Upon closer inspection, one discovers that z-averaging divides the total height of a magnetization step into smaller "substeps" of equal height whose number corresponds to the number of z-values used.
For one set of parameters of the effective model, the dependence of the impurity magnetization root on the discretization of the electron band is demonstrated in Fig.  15 . There, the three common discretization schemes are compared for three different values of the discretization parameter Λ and, only in this example, for 16 pling parameters J ⊥ are chosen which, as per Eq. (31) , are assigned to the three magnetic quantum numbers allowed for this value of S (i.e., M = 0, 1, 2). Without scattering term, the Kondo temperature decreases when J ⊥ is reduced.
6,55 Additional spin-dependent scattering further lowers T ELC K just as standard potential scattering with 0↓ = 0↑ at zero magnetic field does, but in comparison leads to smaller values of the Kondo temperature. In accordance with the expression for J eff from Ref. 77 , the sign of the spin-independent on-site energies is irrelevant at this point. Fig. 15 reveals that the decrease of T ELC K accelerates with growing scattering strength. Furthermore, we observe that the spin-dependent scattering has a larger influence on the Kondo temperature at the ELC field when the coupling parameter J ⊥ is smaller.
Let us now turn to the effect of κ on the position of the ELC field. An additional spin-dependent scattering term breaks the spinflip invariance and is therefore the very reason for a finite value of B ELC . It thus seems plausible that a larger value of κ also leads to a larger absolute value of the ELC field (cf. the numbers in parentheses in Fig. 15 ). This increase of | B ELC | decelerates with growing scattering strength. A closer look at the data reveals that κ again has a stronger effect when the the twist parameter z. In all cases, we observe a spread of the position of the impurity magnetization root with respect to z. This variation decreases for smaller values of Λ and is always largest when using the discretization scheme byŽitko and Pruschke (ŽP). The spread due to z defines a magnetic field interval which, in case of the discretization by Yoshida et al. (Y) and Campo and Oliveira (CO), moves towards larger fields when Λ is reduced. In contrast, theŽP discretization leads to nested intervals so that an interval for smaller Λ is wholly contained in an interval for larger Λ. In the special case z = 1 (which corresponds to the smallest root), the CO andŽP discretization give the same result. 63 Note that the Λ-dependence of the data shown in Fig. 15 is consistent with an agreement of the results of all three discretization schemes in the continuum limit Λ → 1. However, in order to obtain reliable information about the continuum limit it would be necessary to perform an impractical extrapolation in Λ when using the Y or CO discretization. On the contrary, theŽP discretization apparently allows to make a dependable statement about the limit Λ → 1 on the basis of results for only a single value of the discretization parameter: Fig. 15 suggests that the continuum value of B ELC lies in the magnetic field interval that is spanned by the z-dependent roots for Λ > 1. It turns out that, using theŽP discretization, one can obtain a better approximation for the ELC field by averaging over the z-dependent impurity magnetization roots since the resulting mean value displays only a weak dependence on Λ (cf. the numbers in parentheses in Fig. 15 ). The spread of the roots with respect to z then provides a safe error estimate for the mean value (amounting to a relative deviation of about 3 to 4 % for Λ = 3). However, the dependence of the mean value on Λ indicates that such an error estimate is far too pessimistic. For theŽP discretization with Λ = 3 and four z-values, we expect that the relative error of the obtained ELC field B ELC is about one order of magnitude smaller than suggested by the roots' dependency on z.
Having determined B z imp (T, B z ELC ) is restricted to the linear low-temperature regime in which a continuous curve is produced using a linear fit. This fit then allows to determine the value of T ELC,z K by comparing with an isotropic NRG result for S = 1/2 with known Kondo temperature T iso K . A better approximation for the Kondo temperature at the ELC field T ELC K is again obtained by averaging over the z-dependent values. Regarding the variation with respect to z and the error estimate for the mean value, comparable statements hold true as in the case of the ELC field.
Before continuing, we note that the root of the impurity magnetization depends on temperature. This is possible since its value is not determined by symmetry properties of the effective model. When the temperature exceeds the Kondo temperature at the ELC field, two effects eventually occur: The slope of the magnetization curve decreases and the root moves towards larger relative magnetic fields.
We now study how the parameter κ, which corresponds to spin-dependent scattering at the zeroth site of the Wilson chain with on-site energies 0↓ = − 0↑ > 0 as seen from Eqs. (29) and (31) Finally, we investigate how the ELC field and the Kondo temperature at the ELC field depend on the parameters of the full Hamiltonian, i.e. on J, S, and M , with the parameters of the effective model given by Eqs. (30) to (32) . First of all, we would like to point out that all obtained (relative) ELC fields are negative. This supports the conclusion that, in the impurity magnetization curves for equal g-factors and large "hard axis" anisotropy presented in Fig. 7 , the free LCs are only exceeded because of the electrons' non-zero magnetic coupling. For S = 1, 3/2, 2 and J/W = 0.14 (as in Fig.  7) , the following values for g S µ B B ELC /W are obtained: . In contrast to the prediction of the effective model with g e > 0 from Eq. (34), the ELC fields depend on the quantum numbers S and M for vanishing electron gfactor (see Fig. 16 ). With increasing value of S, i.e. with increasing coupling parameter J ⊥ , the absolute value of the ELC field grows as already seen in Fig. 15 . A larger coupling J increases all parameters of the effective model (J , J ⊥ , and κ) and, as demonstrated by Fig. 16 , thereby leads to a larger value of | B ELC |. It is furthermore evident that, with growing J, the quantum number S gains in importance: Fig. 16 shows that the curves for fixed coupling strength "fan out" for larger value of J. The dependence of the ELC field on the magnetic quantum number is the result of two counteracting effects: 1) A larger value of M leads to smaller coupling strength J ⊥ which, on its own, would lower the value of | B ELC |. 2) On the other hand, the scattering term becomes stronger with increasing M and would, on its own, enlarge | B ELC |. For the parameters considered in Fig. 16 , there is a growth of | B ELC | with M for S ≤ 7/2 that decelerates with increasing M . In the case of S = 4 and both J/W = 0.16 and J/W = 0.18, we observe a decrease of the absolute value of the ELC field in the last step.
To conclude this section, the Kondo temperatures belonging to the ELC fields shown in Fig. 16 are presented in Fig. 17 . As the main result we find that, according to the above explanation, the value of T ELC K increasingly drops with growing M . On the other hand, a larger (32), correspond to the given values of the quantum numbers S and M . Small dots mark TK for the case of potential scattering, i.e., for spin-independent on-site energies at zero magnetic field.
in zero magnetic field it is known that ordinary (spinindependent) potential scattering can be approximately mapped to a modified electron DOS at the Fermi level or, equivalently, to an effective coupling parameter J eff .
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This approximation predicts that an increase of the scattering parameter reduces J eff and thus also the Kondo temperature.
In the example shown in Fig. 16 , spin quantum number S = 3 (as in Fig. 13 ) is considered and those coupling parameters J ⊥ are chosen which, as per Eq. (32) , are assigned to the three magnetic quantum numbers allowed for this value of S (i.e., M = 0, 1, 2). Without scattering term, the Kondo temperature decreases when J ⊥ is reduced.
6,56 Additional spin-dependent scattering further lowers T ELC K just as standard potential scattering with 0↓ = 0↑ at zero magnetic field does, but in comparison leads to smaller values of the Kondo temperature. In accordance with the expression for J eff from Ref. 77 , the sign of the spin-independent on-site energies does not affect T K . Fig. 16 reveals that the decrease of T ELC K accelerates with growing scattering strength. Furthermore, we observe that the spin-dependent scattering has a larger influence on the Kondo temperature at the ELC field when the coupling parameter J ⊥ is smaller.
Let us now turn to the effect of κ on the position of the ELC field. An additional spin-dependent scattering term breaks the spinflip-invariance and is therefore the very reason for a non-zero value of B ELC . It thus seems plausible that a larger value of κ also leads to a larger absolute value of the ELC field (cf. the numbers in parentheses in Fig. 16 ). This increase of | B ELC | decelerates with growing scattering strength. A closer look at the data reveals that κ again has a stronger effect when the coupling parameter J ⊥ is smaller.
Additional crosses in Fig. 16 −0.09 · 10 −2 (M = 2). Finally, we investigate how the ELC field and the Kondo temperature at the ELC field depend on the parameters of the full Hamiltonian, i.e., on J, S, and M , with the parameters of the effective model given by Eqs. (31) to (33) . First of all, we note that all obtained (relative) ELC fields are negative. This supports the conclusion that, in the impurity magnetization curves for equal g-factors and large hard axis anisotropy presented in Fig. 7 , the free LCs are only exceeded because of the electrons' non-zero magnetic coupling. For S = 1, 3/2, 2 and J/W = 0.14 (as in Fig. 7 In contrast to the prediction of the effective model with g e > 0 from Eq. (36), the ELC fields depend on the quantum numbers S and M for vanishing electron g-factor (see Fig. 17 ). With increasing value of S, i.e., with increasing coupling parameter J ⊥ , the absolute value of the ELC field grows as already seen in Fig. 16 . A larger coupling J increases all parameters of the effective model (J , J ⊥ , and κ) and, as demonstrated by Fig. 17 , thereby leads to a larger value of | B ELC |. It is furthermore evident that, with growing J, the quantum number S gains in importance: Fig. 17 shows that the "curves" for fixed coupling strength "fan out" for larger value of J. The dependence of the ELC field on the magnetic quantum number is the result of two counteracting effects: 1) A larger value of M leads to smaller coupling strength J ⊥ which, on its own, would lower | B ELC |. 2) On the other hand, the scattering term becomes stronger with increasing M and would, on its own, enlarge | B ELC |. For the parameters considered in Fig. 17 , there is a growth of | B ELC | with M for S ≤ 7/2 that decelerates with increasing M . In the case of S = 4 and both J/W = 0.16 and J/W = 0.18, we observe a decrease of the absolute 22 . In contrast to the prediction of the effective model with g e > 0 from Eq. (34), the ELC fields depend on the quantum numbers S and M for vanishing electron gfactor (see Fig. 16 ). With increasing value of S, i.e. with increasing coupling parameter J ⊥ , the absolute value of the ELC field grows as already seen in Fig. 15 . A larger coupling J increases all parameters of the effective model (J , J ⊥ , and κ) and, as demonstrated by Fig. 16 , thereby leads to a larger value of | B ELC |. It is furthermore evident that, with growing J, the quantum number S gains in importance: Fig. 16 shows that the curves for fixed coupling strength "fan out" for larger value of J. The dependence of the ELC field on the magnetic quantum number is the result of two counteracting effects: 1) A larger value of M leads to smaller coupling strength J ⊥ which, on its own, would lower the value of | B ELC |. 2) On the other hand, the scattering term becomes stronger with increasing M and would, on its own, enlarge | B ELC |. For the parameters considered in Fig. 16 , there is a growth of | B ELC | with M for S ≤ 7/2 that decelerates with increasing M . In the case of S = 4 and both J/W = 0.16 and J/W = 0.18, we observe a decrease of the absolute value of the ELC field in the last step.
To conclude this section, the Kondo temperatures belonging to the ELC fields shown in Fig. 16 are presented in Fig. 17 . As the main result we find that, according to the above explanation, the value of T ELC K increasingly drops with growing M . On the other hand, a larger LC field e = 0 as ing to a h site of coupling e the ree to the e symbol ature for ), correand M . ring, i.e., ic field.
temperr κ that uantum edicts a ery furecline of ting efsmaller becomes he scatce. For he three results spect to . In contrast to the prediction of the effective model with g e > 0 from Eq. (34), the ELC fields depend on the quantum numbers S and M for vanishing electron gfactor (see Fig. 16 ). With increasing value of S, i.e. with increasing coupling parameter J ⊥ , the absolute value of the ELC field grows as already seen in Fig. 15 . A larger coupling J increases all parameters of the effective model (J , J ⊥ , and κ) and, as demonstrated by Fig. 16 , thereby leads to a larger value of | B ELC |. It is furthermore evident that, with growing J, the quantum number S gains in importance: Fig. 16 shows that the curves for fixed coupling strength "fan out" for larger value of J. The dependence of the ELC field on the magnetic quantum number is the result of two counteracting effects: 1) A larger value of M leads to smaller coupling strength J ⊥ which, on its own, would lower the value of | B ELC |. 2) On the other hand, the scattering term becomes stronger with increasing M and would, on its own, enlarge | B ELC |. For the parameters considered in Fig. 16 , there is a growth of | B ELC | with M for S ≤ 7/2 that decelerates with increasing M . In the case of S = 4 and both J/W = 0.16 and J/W = 0.18, we observe a decrease of the absolute value of the ELC field in the last step.
To conclude this section, the Kondo temperatures belonging to the ELC fields shown in Fig. 16 are presented in Fig. 17 . As the main result we find that, according to the above explanation, the value of T ELC K increasingly drops with growing M . On the other hand, a larger (31) to (33) , correspond to certain spin quantum numbers S, magnetic quantum numbers 0 ≤ M < S, and coupling parameters J. Projections of the data points onto two planes are shown as small dots and lines connect points with the same value of S and J. Pessimistic error bars would be smaller than the symbol size.
value of the ELC field in the last step.
To conclude this section, the Kondo temperatures belonging to the ELC fields shown in Fig. 17 are presented in Fig. 18 . As the main result we find that, according to the above explanation, the value of T ELC K increasingly drops with growing M . On the other hand, a larger value of S increases the coupling strength J ⊥ and thus also T ELC K . For the parameters considered in Fig. 18 , the "last" value of the Kondo temperature (i.e., for M = S − 1 at fixed J) also grows with S. It turns out that the influence of S on T ELC K is reduced for larger coupling J. As a consequence, the "curves" for fixed J are "focussed" in the direction of increasing coupling strength. We find that the dependence of the Kondo temperature on J is the result of two counteracting effects: 1) Both coupling parameters J and J ⊥ grow with J and would, on their own, lead to a larger value of T ELC K . 2) However, the scattering parameter κ is also increased and would, on its own, lower the Kondo temperature. For all parameter combinations presented in Fig. 18 , T ELC K is a monotonously increasing function of the coupling strength J. As a final observation, the relative decrease of the Kondo temperature between two consecutive values of M (for fixed J) becomes smaller for larger quantum number S. /W and J/W indicate the value of the Kondo temperature for the isotropic case without magnetic field (as inferred from Table  I ).
value of S increases the coupling strength J ⊥ and thus also T ELC K . For the parameters considered in Fig. 17 , the "last" value of the Kondo temperature (i.e., for M = S−1 at fixed J) also grows with S. It turns out that the influence of S on T ELC K is reduced for larger coupling J. As a consequence, the curves for fixed J are "focussed" in the direction of increasing coupling strength. We find that the dependence of the Kondo temperature on J is the result of two counteracting effects: 1) Both coupling parameters J and J ⊥ grow with J and would, on their own, lead to a larger value of T ELC K . 2) However, the scattering parameter κ is also increased and would, on its own, lower the Kondo temperature. For all parameter combinations presented in Fig. 17 , T ELC K is a monotonously increasing function of the coupling strength J. As a final observation, the relative decrease of the Kondo temperature between two consecutive values of M (for fixed J) becomes smaller for larger quantum number S. In the case of half-integer impurity spin S ≥ 3/2, two different types of pseudo-spin-1/2 Kondo effects occur for large "hard axis" anisotropy D. At zero magnetic field, the anisotropy splits up the impurity multiplet and a doublet with magnetic quantum numbers M = ±1/2 remains as the lowest-lying impurity level (cf. Fig. 6 b) ). If the energy gap to the impurity states with M = ±3/2, which is equal to 2D, is sufficiently large, this doublet under- The c that a n Table  I ).
large hard axis anisotropy D. At zero magnetic field, the anisotropy splits up the impurity multiplet and a doublet with magnetic quantum numbers M = ±1/2 remains as the lowest-lying impurity level (cf. Fig. 6 b) . If the energy gap to the impurity states with M = ±3/2, which is equal to 2D, is sufficiently large, this doublet undergoes spin-1/2 Kondo screening (let us call this Kondo effect "anisotropy-induced"). 56 At non-zero magnetic field, on the other hand, ELCs with associated "field-induced" Kondo effects occur, as discussed in the previous section. Both types of Kondo effects show up in the corresponding impurity magnetization curves. In Fig. 9 a, for example, we observe the magnetic response of the effective impurity doublet at low magnetic fields g S µ B B/D 1, which is then followed by a step at g S µ B B/D ≈ 2 due to the ELC.
One might wonder how the Kondo temperatures of the anisotropy-and field-induced Kondo effects compare. It has been shown in Ref. 56 at the first ELC and, according to Fig. 18 , at all following ELCs, too.
VII. SUMMARY
In this article, we have reported on Numerical Renormalization Group (NRG) calculations for a Kondo model with additional uniaxial anisotropy D. Results have been presented for non-zero magnetic field B and different ratios g e /g S of electron and impurity g-factor.
For a bulk field (i.e., for equal g-factors), a comparison of low-temperature NRG results for the impurity magnetization M(B) and the impurity contribution to the magnetization M imp (B) reveals that M = αM imp . The proportionality factor α > 1 decreases for smaller couplings ρJ and ρJ ⊥ . Compared to the case of a local field (i.e., g e = 0), a non-zero electron g-factor effectively rescales the magnetic field argument of the impurity magnetization M(B) at low temperature. Calculations for isotropic exchange interaction (i.e., J = J ⊥ = J) suggest that both effects must have a weak dependence on D as long as the uniaxial anisotropy is small compared to the bandwidth. In addition, the corresponding values of the rescaling factor η(g e /g S = 1) and the proportionality factor α apparently coincide.
For an isotropic impurity (D = 0), we find that M(T ≈ 0, B), unlike M imp , does not display universal behavior in the usual sense as already noticed by Lowenstein.
42
With additional easy axis anisotropy (D < 0), the zerotemperature curve M imp (B) approaches a D-dependent value for small, but non-zero magnetic field, which corresponds to the effective moment of the respective "fractional spin" 56 as given by T χ imp (B = 0). The magnetic response at small fields and low temperature (relative to |D|) is thus reminiscent of an ordinary magnetic doublet. Appropriately, the impurity magnetization M is well described by a rescaled and shifted Brillouin function in this regime.
In the case of hard axis anisotropy (D > 0), a nonzero magnetic field can lead to "effective level crossings" (ELCs), at which pseudo-spin-1/2 Kondo screening occurs. For g e = 0 and D/W → ∞, these field-induced Kondo effects are described by an exchange-anisotropic spin-1/2 Kondo model with additional spin-dependent scattering at the zeroth site of the Wilson chain. At the respective ELC field, this scattering leads to a reduction of the Kondo temperature T ELC K in a similar way as ordinary potential scattering does at zero magnetic field. In particular, the effective model predicts that T ELC K decreases with every further ELC. This agrees with the observation that the steps in the magnetization curves for large D, which are due to the field-induced Kondo effects, become steeper in the direction of increasing magnetic field.
Logarithmic discretization
The starting point is the continuous energy representation of the Hamiltonian from Eq. (7) with a restriction to the physically reasonable case h < W . In the following it is assumed that the magnetic field, which appears in h = g e µ B B, is non-zero and fixed and, to simplify the notation, that the chemical potential is zero. We introduce abbreviations for the absolute value of the integration boundaries in Eq. (7),
rescale the integration variable ε, and change to rescaled electron operators (cf. Ref. 13): 
